EMANAAHMNTIKA ©OEMATA
KED®AAAIO 20: ZYNAPTHZEIZ - OPIO - ZYNEXEIA ZYNAPTHZHZ

OEMA A

Aoknon 1

a) ‘Eotw pa cuvaptnon f, n omoia sivat oplopévn o€ €va KAELOTO dldotha [a,B]. Av n f eivat
ouvexnig oto o, B] kat f(a) = f(B), va Seifete 6T yia kaBe apiBpd n petagl twv f(a) Kat
f(B) umapxel évag TouAdxiotov aptBpdg X, € (o, B) tétrolog wote f(X,)=n.

B) ‘Eotw A £€va umocUvoAo tou R . Tt ovopdloups mpaypdatikn cuvaptnon pe medio oplopol to
Aj

Auon

a) ‘Eotw ot f(a) <f(B) kat f(a) <n <f(B). Av Bewpricoupe T cuvaptnon
g(x) =f(x)—n, xe[a,B] mapatnpoipe 6t

H g eivat cuvexig oto [, B] kat g(a)g(B) <0, apot g(a) =f(a) - <0 Kat
g(B) =f(B)—m>0. Emopévwe, cuppuwva e to Bewpnpa tou Bolzano, umdpxet X, € (o, B)
tétolo, wote g(X,) =f(X,)—n=0 omdte f(x,)=n.

B) ‘Eotw A é€va umoouUvoAo tou R . Ovopdloupe mpaypatikn cuvdptnon pe medio oplopou 1o
A pia dwadikacia (kavova) f, pe tnv omoia Kabe otoixeio X € A avrtiotowxiletal o€ €va POvVo
TPAyHAtiko aptBpo y. To y ovopdletat Ty tng f oto x kat oupBoAietal pe f(X) .




Aoknon 2
i. Note 0Uo ocuvaptnoelg T kat g Aéyovral ioeg;

ii. Mote pia ouvaptnon f Aéyetal yvnoiwg av€ouca o’ €va didotnpa A tou mediou oplopoU
ng;

iii. ‘Eotw pwa ouvdptnon f opiopévn og €va didotnpa A kat X, € A . MNote Aépe ot n f eivat

OUVEXNG OTO X, ;

Auon

i. AUo ouvaptnoelg f kat g Aéyovtat iogg dtav: €xouv to 010 Tedio oplopou A Kal yla Kabe
X € A woxuvel f(x)=g(x).

ii. Mia ouvaptnon f Aéyetatl yvnoiwg av€ouoca o’ £va didotnua A tou mediou oplopoU Tng,
otav yla omoladimote X;,X, €A pe X, <X, oxvet: f(x;) <f(X,).

iii. ‘Eotw pwa ouvdptnon f kat X, €va onpeio tou mediou oplopou A . Afpe 6t n f eival
ouvexng oto X, € A, otav lim f(x)=f(x,)
X—Xg



Aoknon 3

a) Note pua cuvaptnon f Aéyetal yvnoiwg pbivouca oc éva diaoctnpa A tou mediou oplopou
™nge;

B) Tt ovopdaloupe cuvBeon gof dUo cuvaptioswy f,g pe media oplopou A,B avtiotoixa; Moto
eival To medio oplopou tng gof;

Y) Na OlatuTiwoEeTe To KPLTHPpLo mapePBoAnG.

AUon

a) Mia cuvaptnon f Aéyetal yvnoiwg @bivouca o’ €va didotnua A tou mediou opLopoU TN,
otav ywa omoladnmote X;, X, € A pe X; <X, toxvet: f(x;)>f(X,).

B) Av f,g eivat duo cuvaptnoelg pe media oplopou A, B avtiotowxa, téte ovopaloupe cUvBeon
g f pe v g, kat tn ocupBoAifoupe pe gof, T ouvdptnon pe tumo gof : A, > R, émou to
medio opiopou A, tng gof amoteAeital amod 6Aa ta otoixeia x tou mediou oplopou g f yia ta
omoia 1o f(x) avnkel oto medio oplopoU TG g -

AnAadn givat to obvoro A, ={x € A|f(x) e B} . Eivat pavepo ot n gof opiletat av A, #J,
onAadn av f(A)NnB=J.

Y) ‘Eotw ot suvaptnoelg f,g,h. Av h(x) <f(x) <g(x) kovtd oto X, kat lim h(x) = limg(x) =/

tote limf(X)="/.

X=X



Aoknon 4

i. Mote pua ocuvaptnon f pe medio oplopol to A Aépe OTL Tapouctalel OAIKO EAAXIOTO OTO
X, €A 10 f(X,);

ii. Na diatunwoete to Bewpnpa Bolzano

iii. Note pua ouvdptnon f: A - R Aéyetat cuvaptnon 1-1;

Auon
i. Mia ouvaptnon f pe medio oplopou A Ba Aépe otL:

mapouctadel oto X, oAkd eAdxioto, to f(X,), dtav f(X) >f(X,) yia kdbe x e A.

ii. ‘Eotw pua cuvaptnon f, opiopévn o€ éva kAewoto didotnua [o,B].

Av n f eivai ouvexng oto [a,B] kat emmAgov, oxvel f(a)f(B) <0 tdte UMdpxel Eva

TOUAAxiotov X, € (a,B), tétolo wote f(X,)=0. AnAadn, umdpxel pla TouAdxiotov pida tng
eglowong f(x) =0 oto avoikto diaotnua (o, P) -

iii. Mia ouvaptnon f: A - R Aéyetat suvdptnon “1-1", 6tav yia omoladnmote X, X, € A 1oxUeL
N ouvemaywyn:

av X, #X, tote f(x,)=f(x,).



Aoknon 5
i. Na dlatumwoete 10 Bewpnpa TS HEYLIOTNS KAl TNG EAAXIOTNG TIHNAG.

ii. Note pua ouvaptnon f dev eival cuvexng o€ €va onpeio X, tTou mMediou optopoU TNG;

Auon

i. Av f eival ouvexiig ouvaptnon oto [a,B], tote n f maipvet oto [a,B] pa péylotn tipn M
KAl pla EAAxiotn TR m.

ii. Mua ouvaptnon f dev eivat cuvexng o€ €va onpeio X, tou mediou optopoU TnG otav a) Aev
UTTAPXEL TO OPLO TNG OTO X, N B) YIApxel TO OPIO TG OTO X,, AAAA Eival SLAPOPETIKO ATIO TNV
i g f(X,), oto onpeio X, .



Aoknon 6

Mote Aépe 6Tl pua ouvdptnon f eival cuvexng o€ éva avolkto dldotnpa (a,B) Kat mote o€ Eva
KAELOTO Oldotnpa [a,B];

Auon

Miwa cuvdaptnon f Aépe ot gival cuvexng o€ éva avolkto diactnpa (a,B), otav eival cUveXNg oe
KAd6e onpeio tou (a,B).

Mwa cuvdaptnon f Ba Aépe OtL eival ouvexng o€ €va KAeloTo diactnpa [a,B], otav eival cuvexng
o€ Kabe onpeio tou (a,B) kat emmAgov lim f(x) =f(a) kat lim f(x)=f(B).
X—a" X—p~



Aoknon 7
i. Tt ovopdaletal akoAoubia;

ii. Note pmopoupe va avalntiooupe ta opwa lim f(x) kat lim f(x) ;

Auon
i. AkoAouBia ovopdaletal kaBe mpaypatiki cuvdptnon o:N° — R
ii. MNa va éxel vonua to opo lim f(Xx) mpemern f va eivat oplopévn o€ €va dldotnpa tng

Hop®NG (o, +00) . Ma va éxet vonua to oplo lim f(x) mpémetn f va eivat opiopévn oe éva
X—>—00

dlaotnpa tng popeng (-, f) .



Aoknon 8

i. Na diatunwoete to Bswpnua Bolzano. Mowa eival n YEWHETPIKN TOU EPUNVELQ;

ii. Na ouykpivete Toug apiBpoug [nux| kat [x|. Note wxvet n w6tNTa;

Auon

i. 'Eotw pa ouvaptnon f, oplopévn o€ €va KAELOTO dlactnpa [oc,B]. Av n f eival ouvexnig oto
[a,B] kat emmAéov, woxvel f(a)f(B) <0, tote umdpxet éva TouAdxiotov X, €(a,B), tétoo
wote T(X,)=0. AnAadn, umdpxel pla Touddxiotov pida tng e€iowong f(x) =0 oto avolkto
daotnpa (o, p).

H yewpeTplkni epunveia tou ©.Bolzano sivatl otL n ypagiki mapaoctaon tng f tépvel tov x'X o€
€va TouAdxiotov onyeio.

ii. Ma kabs xeR |mtx| < |X| H 1oétnta toxuel povo otav X =0.



Aoknon 9

Aivetal to moAuwvupo P(X)=a X" +a, X " +...+ o X+ 0, Kal X, € R. Na anodei€ete otu:
lim P(x) =P(X,) -
X=X

Auon
‘Eotw to moAuwvupo P(X) =a X +a, X' +...+a,X+a, Kat X, eR.

‘EXOUE:

lim P(x) = lim (o0,X" +a, X" +...+ap)

X=X X—>Xg

= lim (o0, X" )+ lim (o, ") +...+ lim

X—>Xg X—>Xg X—Xo

=a, limx’ +a,, limx"*+...+ lim a,

X=X X=X X=X
_ v v-1 _
=o X, +a, X, +...+0,=P(X,)

Emopévwg lim P(x) =P(X,)



Aoknon 10

, . . P(x)
A f = )
ivetat n pntn ocuvaptnon f(x) o)

Q(x,)#0.
P(x) _ P(X,)

Na amodeiete ot lim ——=

=% Q(X)  Q(Xp)
Auon
lim P(x)

Eivat lim £(x) = lim 20 —>% 7 _ PO%)
ST Im QG0 Q)

Emopévwe, lim ——% P(x) _ POx)

=n Q) QX))

omou P(x), Q(x) moAuwvupa tou X Kat X, € R pe

, €pooov Q(Xx,)#0.

10



OEMA B
Aoknon 1
Aivetal n ouvdptnon f pe tumo:
f(x) =-3e”" —5x +3.
a) Na Bpeite 1o €idog tng povotoviag tng f .
B) Na Bpeite 10 cUvoAo Tipwy tng f.

Y) Na amodeifete ot n e€iowon f(X) =0 €xel akplBwg pia Auon oto R.

Auon

a) H ouvaptnon éxet D; =R. MNa kabe X, X, e R pe X; <X, EXOUpE:

X, <X, = 2X; <2X, = 2X, +1<2X, +1=

2X+1 2X,+1 2X+1 2X,+1

e <e = -3e > —-3e

Kat X; <X, = —5X; > -5X, = -5X, +3>-5X, +3
dpa —3e*+™ —5x, +3> 32" —5x, + 3= f(x,) > f(X,) .
Omote n f eival yvnoiwg @bivousa.

B) H f €xeL medio oplopol to R, €ival cuvexig Kat yvnoiwg @bivouca, dpa £xel GUVOAO TIHWY
T0:

f(R) = (Xlirpwf(x), xlirpwf(x)) .

Eivat:

o lim f(x)= lim (-3e”" -5x+3) =

X—>+30 X—>+0

—3lime**—5lim x+3=—-0—-0+3=-©

X—>+30 X—>+30

(apol lim e*** =e lim (€¥)? = e(+x) = +x).
X—>+00 X—>+00

11



o limf(x) = lim (-3¢**" -5x +3) =

~31lime**-51im x+3=0+00+3=+w

X—>—00 X—>—00

(apou lim e =e lim (e°)* =e0=0).
Emopévawg eivat f(R) = (—oo,+x0) .

Y) Agpou To oUvolo Tipwy tng f eivat to R mou mepiéxet to 0, Ba umdpxet X, € R t€tolog
wote f(X,)=0. Emedn emmAéov n f eival yvnoiwg @bivouoa oto R, n X, €ival povadikn
pila g e€iowong f(x)=0.

12



Aoknon 2

Aivetat n ouvaptnon f pe tomo: f(x) =2x*" +5x-7,x<R.
i. Na amodeifete ot n cuvaptnon f eival yvnoiwg av€ouca oto R.
ii. Na Auoete v e€iowon f(x)=0.

iii. Na Bpeite o mpdonpo tng cuvaptnong f.

Auon
i. Houvaptnon f éxet D; =R. MNa kabe X, X, e R pe X, <X, . Exoupe:

2011 2011
X, <X, =X, <X,

= 2X12011 < 2X22011
Kat X; <X, = 5X; <5X, = 5X, —7<5X,—7 apa

2%, 5%, =7 < 2%, +5x, -7 = f(x,) < f(X,).

Omnote n f eival yvnoiwg av€ouoa oto R .

ii. H f eivat ouvexing oto R kat yvnoiwg av€ouca oto diactnpa autd. EEaAAou
f()=2+5-7=0 kat emopévwg: f(X)=0<=x=1
ifi. Eivat: f(1) =0 kaun f eival yvnoiwg avgouca oto R, omorte:

e TakdBe x <1, éxoupe: f(x)<f()=Ff(x)<0

e TakdBe x >1, éxoupe: f(x)>f(L)=f(x)>0



Aoknon 3

Aivetal n ouvaptnon f pe f(X) =4+e* -2 +3.
i. Na Bpeite to medio oplopou tngG.
ii. Na Bpeite To cUVOAO TIHWYV TNG.

iii. Naopicete Tnv .

Auon
i. Mpénet: e -2>20<e">22<x2>1In2

Apa D, = [In 2,+oo) )

ii. Ma kdbe X, X, €[In2,+0) pe X; <X, €XOupe:

X, <X, >e"<e” =>e"-2<e"” 2=t —2<fe 2=

A —2 <dfe —2 = Ae" —2 +3< A —2+3=

f(x) <f(x,)

Apan f eival yvnoiwg atgouca oto [In2,+w) . Omote agou n f eival kat cuvexng (Tpaselg
OUVEXWY) TO 6UVOAO TIHWYV TNG €ivat:

£([in 2,+oo))=[f(ln 2), lim £(x))

X—>+00

‘EXOUE:
f(In2)=4ye"?-2+3=40+3=3
lim f(x) = lim (4ve* =2 +3) =+

Apa f([In2,+00))=[3,+x)

iii. H f eivat 1-1 wg yviola atfouca (ii) kal EMOpEVWG avTIOTPEPETAL.

MNa kabe x e [In 2,+0) éxoupe: f(x)=y <

14



er—2=2"
4\e"-2+3=y AP
¥=359
4
e _2-[¥=3 2 =1In (y-3° 2
= 4
y=3 y=>3

Apa fH(x) = In(g+2j e D, =[3,+).
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Aoknon 4

Aivetal n ouvaptnon f pe f(x) = 2In(«/ﬂ +1)+3
i. Na Bpeite to medio opiopou tng f.
ii. Na amodeifete otin f eivatl “1-17.
iii. Na opiogte tyv .
iv. Na AUoete Ty e€iowon f(1+Xx)=2.
AUon
i. Mpénet:

x-1>0

Ko < x 21 apa Dy =[1,+)

VX=1+1>0

ii. ‘Eotw X, X, €[1,+0) pe f(x,) =f(X,). Exoupe:
f(x,) =f(x,) = 2In({x, -1+ +3=2In(yx, -1+1) +3=
2Inx,-1=2In/x,-1=

In{x,~1=Inyx,-1=x,~1=X,-1= X, =X,

Apan f eival “1-1”.
iii. 'Exoupe:

f(x)=y o y=2In(Vx-1+1)+3< yT—S —In(WX-1+1) =

y-3 y3 ) y-3
e ? :\/x—1+1<:>(e 2 —1} =Xx-1, npénet e 2 —1>0, eMOPEVWG

y=8
2

x=(e2 -1)°+1y=>3.

3
2

Apa FH(x)=(e 2 —1)*+1, X €[3,+x)



X+1-3 x=2
2

iv. fll+x)=2( 2 -’ +l=2c(? -’ =l
e?-1=1ne? -1=-) <

7 =2 X—2
e?2=2ne? =0 adl'Jvatov)<:>T:In2<:>x:2ln2+2.

17



Aoknon 5
, , 1Y
Aivetai n ouvaptnon f pe f(x) = 5 —-3X+2.
i.  Na Bpeite 1o €idog povotoviag tng f

ii. Na amodeifete 0TI UTApXEL Hovadlkog X € R yla Tov omoio n cuvaptnon maipvel tTnv
TN 2011.

iii. Na AvUoste Tnv aviowon: 3x2* +2* <1

Auon

i. H ouvaptnon éxet D; =R. MNa kabe X,,X, pe X; <X, EXOUME:
1V (1)°

X, <X, =>|=| >|=
2 2

Kat X; <X, = —3X; >—3X, = —-3X; +2 > -3X, +2

. (1Y 1\*

apa > -3X,+2> > -3x,+2=1(x,) > f(X,).

Omote n f eival yvnolwg ¢pbivouca oto R .

ii. ‘Exoupe:

lim £(x) = Jme{(%jx—3x+2}=

lim (ij —31im x+2=+0—(-0)—-2=+w0, apol 0<%<1

x—>-o| 2 X—>—00

1 X
omote lim (—) =40,

X—>—0

lim £ (x) = lim K%} _3x+2}:

lim (ij -3limx+2=0-0w0+2=-00, apou 0<%<1 omdte

x—+0| P X—>+00

18



lim (EJ =0
x—>+0| 2

Emeidon n f eival ouvexng kat yvnoiwg @Bivouca oto R, €xel 6GUVOAO TIHWY TO:

f(R) = (Xllrpwf(x), XILrpwf(x)) = (o0, +o0)

Emeidn 2011 f(R) kau n f eivat yvnoiwg @Bivouoa, umdpxel povadlkog X € R yia tov omoio n
ouvdptnon maipvel Tnv Tpn 2011.

iii. H aviowon yivetat:

X2 +2' <l 3x+1<2%©(%] —3AX>le

(%) -3X+2>3=f(X)>3<f(x)>f(0) & x<0

(apou f(0)=3) kat f yvnoiwg @Bivouca oto R .

19



Aoknon 6
Aivetat n ouvaptnon f pe f(x) =3x* " +2x-5xeR.
i. Naamodei€ete ot n f eival yvnoiwg av€ouoca oto R .
ii. Na amodeifete ot n e€iowon f(X) =0 €xel akplBwg pia pifa tn X =1.

iii. Na Bpeite to mpdonpo tng f.

Auon
i. H ouvaptnon €xet D; =R. Na kabe X;,X, e R pe X; <X, €xoupe:

2011 2011

2011
X, <X, = X< X5

= 32 < 3x2
Kal X; <X, = 2X; <2X, = 2X, -5<2X,-5.
Apa 3x™ +2x, —5<3xPM +2x, -5 < f(x,) <f(X,).

Omnote n f eival yvnoiwg av€ouca oto R .

ii. ‘Exoupe: f(1) =0 dapa x =1 pifa tng f(x) =0 kat emedn n f yvnoiwg av§ouca oto R n
pila autn sivat yovadiki.

iii. Apou n ouvaptnon f eivat cuvexng oto R wg mMoAuwvVUHIKA Kat X =1 n povadiki tng pida,
T0TE oUpPYWVaA Pe To Bewpnua Bolzano dwatnpei otabepd mpdonpo ota dlactipata (—o,1) Kat
(2, +00) .

H f eival yvnoiwg at§ouca oto R dpa yia kabe x <1 oxvel f(x) <f(@) =0, evw yia kabe
x >1 woxvel f(x)>f(@)=0.

20



Aoknon 7

Na Bpeite to limf(x), otav:
x—1

. 2x-1
lim =
x-1 f(x)

+00

i lim %) _
x>L4X + 3

i lim [f(X)(3x +4)]=+0

Auon

i. O¢toupe

, o 2x-1 _2x-1
Emiong: —f(x) =g(X) = f(x) = ()

ométe: limf(x) = lim Zx_lzlim[(zx—l)i}zo
x—-1 x—-1 g(x) x>l g(x)

ii. ©@¢toupe: ﬂ: h(x), omote f(x) = (4x +3)h(x)
4x+3

Emiong Iirq h(x) = —o0

Apa limf(x) = lem[(4x+3)h(x)] =7{-0)=—-»

iii. O£Toupe:

f(x)(3x +4) =x(x), omote Iirq K(X) =40

k(x)

Emiong 3x+4 # 0 ya tpég kovtd oto 1, omote f(X) =
3X+4

1 1
Apa limf(x) =lim| ——k(x) |== =400
pa im0 =lim| =L k() | < 1) =0

=g(X) kat emeidn IirT} g(x) =+ givat g(x) =0 yua TIHEG KovTdA oTo 1.
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Aoknon 8

Alvetal n cuvexng Kat yvnoiwg povotovn cuvaptnon f :[1, 5] NG omolag N ypagIKn mapdotacn
mepvdel and ta onpeia A(L,8) kat B(5,12).

i. Na amodei€ete 6t n f eival yvnoiwg av€ouoa.

. , , , , . 29
ii. Na amodeifete 6T n ouvaptnon f maipvel TV TN 3

iii. Ymdpxet povadiké X, €(1,5) tétowo wore:

2 (2) +3f (3) + 4f (4)

f(xo) = 5

Auon

i. Eivat:: f(1) =8 kat f(5) =12 kat agpou yvnoiwg povotovn Ba gival yvnoiwg avgouoca
(1<5 kat f(1) <f(5)).

ii. H f eival yvnoiwg au€ouoca kal cuvexng oto [1, 5] apa €xet GUVOAO TIHWY TO:
f([15)=[ (1), (5)]=[8.12]
29

S <f([25])

iii. Emedn n f eivat yvnoiwg avfouca yia kdBe X, X, € D; pe X; <X, 6a eivar f(x;) <f(x,).
'ETOl €XOUME:

1<2<5fQ)<f(2)<f(5) =8<f(2)<12<=16<2f(2) <24
1<3<5f)<fR)<f(5) ©8<f(3) <12 24<3f(3) <36
1<4<5 Q) <f(4)<f(5) =8<f(4) <12 32<4f(4) <48

oToTE:
72 < 2f(2) +3f (3) + 4f (4) <108 <

- 2f(2)+3f£§3) +4f (4) <12

8

Apa cUppwva pe to Bewpnpa evolagéowy TIHwY Ba umdpxet X, € (1,5) tétolo worte:
2f(2)+3f(3) +4f (4
f(x) - 2R @ 41

kat agou f yvnoiwg av€ouca Oa sival povadiko.
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Aoknon 9

Aivetat n ouvaptnon f pe f(x)=In(3e* +1)-2.
i. Na Bpeite to medio opiopou tng f .
ii. Na amodei€ete ot n f avuotpéperal.
iii. Na opioete tnv .

iv. Na AUoete tnv aviowon f(x) <f*(In5-2)-2.

Auon

i. Ma va opiCetai n f, mpémet: 3¢* +1>0 mou aAnBevel yia kabe x € R . Apa, to medio
optopou g eivat: D, =R

ii. Na kabe X;,X, e R pe X; <X, €xoupe:

X, <X, =>e"<e” =3 <3” =3 +1<3e" +1=

/n(3e™ +1) < /n(3e* +1) = /n(3e™ +1)-2< /n(e™* +1)-2=

f(x,) <f(x,).

Omnote n f eival yvnoiwg av€ouoa, dpa 1-1 omote aviioTpEPeTat.

iii. "Exoupe:

f(x)=yeoy+2=Mm@3e*+]) e =3¢"+1

y+2 y+2
o =& 1,e 1>0 onétex:ﬁnl(ey+2—1),Y>—2-
3 3 3

Apa f(x) = In%(eX+2 —1),x e(-2,+x)

iv. ‘Exoupe:

f(x)<f*(IN5-2)-2 < In(3e* +1)-2< In%(e'“’ ~1)-2&

In(SeX+1)<In%<:>3ex+1<%<:>9ex+3<4<:>

« 1 1
< x<In=< x<-In9
9 9
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Aoknon 10
Aivetat n ouvaptnon f pe f(x)=-2x°-3x -1

i. Na Bpeite to €idog povotoviag tng f .

ii. Na amodeiete ot n f avriotpépertat.
ii. Na AuBei n e€iowon f(x)=2
iv. Na Ausei n aviowon f(x)>x-1
AUon
i. H ouvaptnon f €xel medio opilopou 10 R.
MNa kabe X;,X, e R pe X; <X, EXOUpE:
X, <X, = X < X5 = -2%° > -2X,°
Kat
X, <X, = —3X; > -3X, = -3X, —1>-3x, -1
apa
—2%,°> =3x, —1>-2x,> - 3x, -1=f(x,) > f(x,).

Omote n f eival yvnoiwg @bivousa.
ii. H f eivat yvnoiwg @bivouca dpa kat 1-1 omote avtioTpEPeTat.

iii. £71(x)=2<f(f"(x))=F(2) & x=-23

iv. Emeion n f eivat yvnoiwg av€ouca, Ba toxuveL:
fr)zx+1ef(f1(x)2f(x+1) <
X > —2(x3 +3%x% +3x +1)—3(x +1)-1<

2x° 4+ 6x” +10x + 6 > 0 <> (ZxApa Horner)

(x+1){2x* +4x+6) >0 x 2 -1 (apoy 2x* +4x+6>0 d161 A=16-48=-32<0)
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Aoknon 11
Aivetal n yvnoiwg av€ouca cuvaptnon f:R — R yia tnv omoia toxveL:
f(F(x))+f(x)=3x+2 yua ke xeR kat f(1)=3

i. NaBpeite to f(1).

ii. Na Bpeite 1o f(3)

iii. Na AuBei n e€iowon f*(x)=3

iv. Na Bpebei to lim SOUVX + X+ X
oo f((x))+F(x)-2

Auon

i. H f eival yvnoiwg av€ouca oto R dpa kat 1-1, omdte avilotpEPeTal. OETOUPE OTTOU X TO
f(1) otn doBeica oxéon kat £Xoupe:

F(F(F())+F(F(1)=3F"()+2
fO+1=3f"D+2=4-2=3f"D)=>f'Q) =§
ii. Ma x =1 n dobeica oxéon yivetrat:

f(f(1)+f()=31+2=f(3)+3=5<f(3)=2

iii. Elvat:

f'(x)=3=x=f(3) = x=2 (and ii)

iv. Eivat:
i 3oLVX+NUX+X . 3CLVX+NUX+X
o f(F(X))+F(X) -2 xo 3x

X—>—00

lim (—GWX +1_11MX +1j=l
X 3 x 3) 3
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oo | _loww| 1 _
T K

_ oo L tim| =t = gim L =0
|X| X |X| X—>—00

agou sivat:

, . . . , . X \ . X
Omote amo to kpttnplo mapspBoAng Ba sivat kat lim OVVZ _0. Opowa kat yua to lim ner

x>0 X X—>—o X



Aoknon 12

Aivetal n ouvexng oto R ocuvdptnon f yia tnv omoia woxvet oti: lim

f(X) - VX +np(x-1) _

x—1 X2 -1

i. Na amodeifete 0TL n ypagki mapdotaon tng f mepvdet amd to onpeio M(1,1)

. . . |3f(x)—2|—1
ii. NaBpeite to liIm————
x—1 X =1

Auon

f(x)— VX +nu(x—1)

1 & f(x) = (x> ~1)g(x) + VX —nu(x-1).

i. ©O¢toupe: g(X) =

'ETOl €XOUpE:
limf (x) = Iirq[g(x)(xz —1)+&—nu(x—1)] -1
Emedn n f eivat ouvexng oto R Ba oxvet: (1) = Iirqf(x) =1

Apa n ypa@ikni tng mapdactaon mepvdel amod to onpeio M(1,1)

ii. Eivat Iirrll[Sf(x)—2]=1>O, ométe 3f(x)—2>0, Kovtd oto X,

Apa
CRF0-2-1 3 -3 . 3(x*-1)g(x)+3vx ~3nu(x-1)-3
lim————=Ilim—>"——=Iim i _
x—1 X -1 x>l X -1 x—1 x2 -1
3(vx -1 B
:Iim[3g(x)]+|im¥_3|imM:
x—1 x—1 (X—l)(X +1) x—1 (X—l)(X +1)
-1
6 gim 7D 3 muu

250 (x-1)(Vx +1) 290 U

3 3 21
=6+———=—
4 2 4

2
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Aoknon 13

Aivetai n ouvaptnon f pe f(x) = 2Ini(—+1+3.
—X

i. Na Bpeite to medio opiopou tng f .
ii. Na amodeiete 6t n f eival cuvexng oto medio oplopoU tnG.
iii. Na amodeifete 6t n f avtiotpépetal kat va peAetiioete Tnv T wg TPOC TN cUVEXela.

iv. Na Bpeite ta opua: Iirqf(x) Kal Iimlf(x)

Auon
i. Na va opiCetai n f, mpémet:

%>0©1‘X2 >0 X <lo | <le|x<le-1<x<l

Apa to medio oplopou g eivat to: Dy = (—1,1)

ii. H f eival ouvexig wg olvBeon Twv cuvexwv cuvaptioswy f, kal f, pe

f,(X)=2Inx+3 kat f,(x) :i(_Jrl

, aoU yia kabe x € (-1,1), wxuvet:

(f,of,)(x) :fl(fz(x)):2Inf2(x)+3:2ln%+3

iii. MNa kabe Xx,,X, € (-L,1) pe f(x,)=f(X,) éxoupe:

X1+1+3:2In x2+1+3: X +1 X, +1

f(x,)=f(x,)=2In
(x)=1x.) —X, 1-X, 1-x, 1-x,

X, =X X, +1=X, =X, +1-X X, = X; = X, = X,.
Apan f avtiotpépetal.

o Eivau:

y-3
f(x):y:>y:2lni(—+l+3:>X—+1:e 2 =
- X

28



3 -3 -3 -3 -
y y y y e 2 —1

X+l=e?2 —xe? =>(+e?2)x=e? -1=>x=

Emeion:

w

y-3 y

e? -1 e? -1

“l<x<l=-1<— 3

A —1<1 kat 2e 2 >0 mou aAnBelouv yia kG y e R , maipvoupe:

|
-

F1x) =2

3 XeR
e +1

x-3
2

e H f™ eival ouvexng wg MAiKo Twv cuvexwv ouvaptiocewy f (x)=e 2 -1 kat
x-3
f,(X)=e 2 +1. H f, eival ouvexig wg cuvOeon Twv ouvexwv g,(X) =e* -1 kat
X-3
X)=—+—
9, (x)=—

Mpaypatt yia kabe x e R, 1oxveL:

x-3
2

(glogz)(x):gl(gz (X)):e —1=f1(X)
H f, eival cuvexng wg ouvBeon Twv ouvexwv h (x) =e* +1 kat h,(x) = XT_?’ :
Mpaypatt ya kabe x e R, oxuveL:

x-3

(h,oh,)(x) = hl(hz(x)) =e ? +1=f,(x)

iv. Etvat:

limf (x) = lim(2In X1 4 3)
x—1 x—1" 1—X

, x+1 . _ ,
Av B<coupe U :1— Kal agou yua X -1 < u — +owo, 6d EXOUpE:
-X



Iirqf(x) = lim(2Inu+3) =+

limf(x) = lim f(x)= lim [ZInX—H+3j
x—>-1 x—>-1° 1-x

x—-1"

, xX+1 . .
Av B€ooupe U = Tox Kat agou yua X —» —1" < u — 0, €xoupe

LILTllf(X)Z!JILTS(2|nU+3):—oo



Aoknon 14

Aivetat n ouvaptnon f:R” — R Kai n cuvdptnon g pe tomo g(x) = |n>2(_+2
—X

i. Na Bpeite to medio opiopou tng fog.
ii. Na Bpeite suvdptnon h yia v omoia va woxvet: (hog)(x)=x.

iii. Na amodeiete 611 n ouvdaptnon h sival mepirn.

Auon

. , , X+2
i. MNa va opietat n g, mpEMEL:

>0 Xe (—2, 2). Apa 1o medio oplopoU TNG g Eival To:
D, =(-2,2).
Emiong éxoupe: D, =R™ omdte 1o medio opiopou tng fog eivau:

Diog ={Xe(—2,2)/£nx—+2¢0}:{xe(_z,z)/x_”ﬂ}:
2-X 2-x

{xe(-2,2)/x#0}=(-2,000(0,2).

ii. loxvgl (hog)(x) =x < h(g(x))=x < h(ln%j:x 1)

, X+2 P
O¢toupe u=1In 5 , OTIOTE EXOUME:

u:lnx+2<:)X+2:e“:>2e“—xeuzx+2:> x:Ze —2 apou e' +1=0, yia kKabe
2—-x 2—X e’ +1
ueR.
, 2e" -2 , 2" -2
Apan (1) yiverat: h(u) = ¢ n h(x)= € .
e’ +1 e’ +1

iii.
e Twakdde XcR kat —XxeR.

2
=X _ 7_2 . X X
e TakdBe x =0 éxoupe: h(—x):zefX 2_e _2 2?( __2e X2:—h(x).
e +1 i+1 1+e 1+e
eX

Apa n h mepurn.
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OEMAT
Aoknon 1
Aivovtal ot ouvexeic oto R ocuvaptioelg f kat g yua Tig omoieg toxuouyv:
o f(X)#0 yuakabe xeR.
e Ol Ypa@IkEG TOUG TAPACTACELG TEPvovTal oto A(2,-1).

e p,=-1kat p, =5 eivar U0 Sradoxikeg pileg tng g(x) =0.

Na amodeiéete ot
a) n ouvaptnon f dwatnpei otabepd mpoonpo oto R .

B) g(x) <0 ywa kdbe x e (-1,5).

 fR)x*+2x*+1
y) lim 3 = —00
x> g(2)X"+5

Auon
a) H ouvaptnon f eivat ouvexng oto R kat f(x) #0 yia kabe x e R .

‘Eotw X,,X, eR pe f(x,)f(x,)<0.

Téte amo 1o Bewpnpa Bolzano umdpxel £va touAdxiotov X, € (X, X,) tétolo wote f(X,) =0
Tou eivat droro.

Apa n f Owatnpei otabepd mpoonpo oto R .

B) H cuvaptnon g eivat cuvexng oto (—1,5) kat g(x) =0 oto (-1,5) agou —1 kat 5 givat
dladoxikeg pideg tng g(x) =0.

Apa datnpei otabepo mpoonpo oto (—1,5). Emiong g(2) =-1<0. Ondte g(x) <0 ywa kabe
xe(-15).

y) Eivai: f(2) =-1<0. Apa amé a) ivat f(x) <0 ywa k@bs xeR.

Omote f(3)<0. Emiong amoé B) g(2)<0.

Apa lim

4 2
f(3)x +32x +1= lim @-x
X—>—0 g(2) X°+5 X—>—00

a(2)
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Aoknon 2
Aivetal n ouvaptnon f:(0,+w) > R e TUTO:
f(x)=2x"+3Inx+1.
i. Na e€etdoete wg mpog TN povotovia tn cuvaptnon f.
ii. Na Bpeite to ouvoAo Tipwy g cuvaptnong f.
iii. Na amodeifete ot yia kabe a € R, n e§iowon f(Xx) = o €xel povadikn pida.
iv. Na amodeiete OTL uTTApXEL HOVAOIKOG TTPAYHATIKOG aptBpuog A >0 yia tov omoio LoXUEL:

ael3ppl
2 2 A
Adon
i. H ouvdptnon f éxet D; =(0,+»). MNa kdbe X, X, € (0,+0) pe
X, <X, €XOUpE: X, <X, = X, <X, = 2x.* <2x,* kat
X, <X, = Inx; <Inx, = 3Inx, <3Inx, = 3Inx; +1<3InXx, +1
dpa 2x," +3Inx, +1<2x,* +3Inx, +1=f(x,) <f(x,) .

Omote n f eival yvnoiwg at§ouca oto (0, +00).

ii. H f eival ouvexng kat yvnoiwg avouca oto (0,+00) Apa €xel GUVOAO TIHWV TO:
f((0,+00)) = (lim f(x), lim f(x)).

x—0" X—>+00
Eivat:

e limf(x)= |ir(T)1(2X4+3|nX+1):O—oo+1:—oo

x—0*

o lim f(x) = lim (2x* +3In X +1) = (+00) + (4+00) +1 = +o0

X—>+00

Emopevwg givat: f((0,+o0)) = (—o0, +0) .

iii. H ouvaptnon f eival yvnoiwg at€ouca kat £€xet cUvVoAo TIHWY To R, dpa n e€icwon
f(x)=a, 6mou a e R, éxel povadikn pica.

33



iv. ‘Exoupe:

1 3

x4+§=5|n%@ 201 +1=3(In1-In}) <

2 +1=-3InL < 20" +3InA+1=0<f(1) =0

Apkel va deifoupe Aotmov otL utidpxel povadiko A >0 tétolo wote f(A) =0. Auto 1oxuel agou
0ef((0,+)) katn f eival yvnoiwg avouca oto (0, +o0).
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Aoknon 3

Aivetat n ouvaptnon f:R — R yia thv omoia oxUst n oxéon: 2f3(x) —3=2x-3f(x), ya
Kdbe xeR.

i.  Na amodeifete o011 n cuvaptnon eival cuvexng oto R.

ii.  Av 1o ouUvolo Tpwy tng f eivat to R, va amodeifete ot n f avriotpépetal Kat va
Bpeite tnv .

iii. Na AUoete v e§iowon f(x)=0.

iv. Na Bpeite Ta Kotvd onpgia Twv ypag@ikwy mapactdcswy twv cuvaptioswy f kat f.

Adon

i. 2f3(x)—3=2x-3f(x) & 2f>(x) +3f(X) =2x +3 yia kabs xcR.
Ma x =X, sivat 2f*(x,) +3f(x,) = 2x, +3.

A@alpwvtag Katd PEAN, EXOULE:

2 F2(x) = F2(x,) [+3[F(x) ~F(X,)] = 2(x —X,) <

2[F(x) = (o) ][ F2 00 + FOOF (%) +F2(%,) [+3[F (x) ~F(%,)] = 2(x = X;) =

2(X—X,)
£200) +FOOF (%) +2(X,) [+3

f(X)—f(Xo)ZZ[

Ag@ou 2f2(x)+2f (X)f(x,) +2f*(X,) +3# 0, 6101t eival GeutepoBABULO TPLWVULO WG TIPog f(X)
pe Olakpivouoa:

A =4F2(x,) —4-2(2F*(x,) +3) = 4F*(x,) —16f*(X,) — 24 =

~12f(x,) - 24 =-12[ f*(x,)+2] <0

2|x = X,|
- - < 2|X =X,
2F2(x) + 2F (X)F (%) + 2F2(x;) + 3

Apa: [F(x) —F (x,)| =
onéte —2|x —Xo| < F(x) = (X,) <2[x = X,

AMG lim [ -2]x—X,|] = lim [ 2|x = x,|] =0 ométe cUp@wva e To KpLTpLo mapepBoAig, 6a

X=X X=X

lOXUEL:
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Bim(f () = F (x,)] = 0 < lim £(x) = (x,) .

ii. ‘Eotw X,,X, € R pe f(x,)=F(x,) tote F3(x,) =F3(x,) = 2f°(x,) = 2f*(x,) .
Emiong f(x,) =f(X,) = 3f(x,) =3f(X,) kat mpocBETovtag katd péAn, Exoupe:
2F3(x,) +3f (x,) = 2f3(x,) +3f (X,) = 2X, +3=2X, +3=> X, =X, .

Apan f eivat 1-1 kat emopévwg avtiotpépetat. H T éxel medio oplopol 1o GUVOAO TIHWY TNG
f mou eivat o R.

Eivai: f(X)=y < x=17(y)
omdte: 2f%(x) +3f(X) =2x+3 < 2y +3y =2f *(y) +3

2x% +3x-3
. ¢

Apa fH(x) = eR

i, f() =0 x=f1(0)=22 303 _ 3

iv. H f* eivat yvnoiwg avfouca oto R dpa kat n f, omdte ta kowvd Toug onpeia sivat otnv
y=X.

3 —
P = F(x) o FH(x) = x e 22X =8

S22 +3x-3=2x=2x*+x-3=0<=x=1

Mapatipnon: TIG MPOTAGCELG

A) Av n f eivat yvnoiwg povotovn téte kat n f ival yvnoiwg povotovn pe to idlo €idog
povotoviag.

B) Av n f eivat yvnoiwg av€ouca tote ta Kowvd onpeia twv C; kat C_,, (av umdpxouv),
Bpiokovtal otnv ubeia y =X .

MpEmel va tic amodElKVUOULE Yid VA TIC XPNOUOTOL00UUE OE pid doKnon.
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Aoknon 4
Aivetal n ouvexng ouvaptnon f :[—1, 2] — R Kat o Ptyadikog aptbudg:

L _2A D+
B 1—i

yla Tov omoio toxuetl ott Im(z) :g kat Re(z) # g
i. Naypayete tov z otn popen K+Al, kK,AeR.
ii. Na amodeigete ot 2f(-1)+f(2) =3.

iii. Na amodeifete ot1 umapxel éva toulaxiotov a € (—1,2) tétolo wote

f(oc)+1+2—f(0c) _
a-—2 a+l

0

Auon

i. Eivac

[2fCD @A) [26(-D)-F@]+[26(-D+F@)]i
T aShasn 2 -

20(-D-1(2) , 2f(-D+().
2 2

3521041 3 oyt =3
2 2 2

ii. Im(z) =
iii. Ma a#2 kat o #1 n e€iowon woduvapa yiverat:

f(a)+1+ 2—f(a)
a—2 a+l

=0 (a+1)[f(a) +1]+ (. -2)[2—f(0)] =0 =

of () +a+f(a) +1+ 20 —af(a)—4+2f(a) =0 <= 3f (o) + 30 —3=0.

Eotw g(x) =3f(x)+3x—3. H g eivat ouvexng oto [-1,2] wg dBpoicpa cuvexwy
OUVAPTACEWV.

Emiong:
9(-1) =3f(-1)+3(-1) -3=3[f(-1) - 2]

9(2) =3f(2) +32-3=3f(2)+3=3[3-2f(-1)] +3=



12—-6f(-1) =—6[f(-1) - 2]
Napatnpoulpe 6t g(-1)-g(-2) = -18[f(-1) - 2]° <0.
AlaKplVOUE TIG TEPLTTWOELG:
e Avg(-1)9(2)=0<(g(-1)=0 1 g(2)=0), tote f(-1) =2 omdte kau f(2) =1 (amo

1O (ii)). Tote Opwg Ba eivat z :g+%i ATOIMON amo tnv umdbeon. Apa Ba sival

g(-1)-9(2) <0 tote amd to Bswpnua Bolzano mpokUTTEL TL UTAPXEL éva TOUAAXIOTOV
a € (-1,2) tétolo, wote

g(a) =0 3f(a)+30-3=0<
(a+D)[f(a) +1]+(a-2)[2-f(a)]= 0=

f(a)+l+ 2—f(a)
a—2 a+l

0

AnAadn 1o a € (-1, 2) eivan pida kat TG apxikng e€iowong.
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Aoknon 5

Aivetal n ouvexng ocuvaptnon f:R — R n omoia sivat yvnoiwg povatovn oto R Kat n ypakn
NG mapdotaon O€pxetatl amo ta onueia A(-1,0) kat B(2,3).

i. Na amodeiete ot n f eival yvnoiwg av€ouoa.

ii. Na Bpeite to mpdonpo tng f.
iii. Na Auoete v e€iowon f(2e* +1) =3.

iv. Na AUocete tnv aviowon f(3x+5)<0.

Auon

i. Emedn n f eivat yvnoiwg povdtovn kat pe —1< 2 gival f(-1)=0<f(2) =3, n f civar
yvnoiwg avouoa.

ii. Eivau f(-1) =0 kat emedn n ouvaptnon f eival yvnoiwg at€ouca (dpa kat 1-1) n TR mou
pnoevidel tnv f eival povadikni. Emopévwg yia:

Xx<-1=f(x)<f(-)=1(x)<0
x>-1=f(x)>f(-1) = f(x)>0.

Apa f(X) <0 yua kabe X € (—o,-1) kat f(X) >0 yia kabe X € (-1, +x).

iii. Apou n f eivat 1-1 €xoupe:

f(2e" +1) =3 f(2e* +1) =F(2) = 26" +1=2 <

2eX:1<:>eX:%<:>x:ln%<:>x:—ln2

iv. Apou n f eival yvnoiwg au€ouca €xoupe:

f(3x+5) <0< f(3x+5)<f(-) ©3x+5<-1<3x <6 x<-2.

39



Aoknon 6
Aivovtat ot pryadikoi aplbpoi: 2, =2+2i,z, =2-2i kat Z=npx-z,—XzZ,,XeR, x#0

i

Av f(x) = >~ Vd UTTIOAOYIGETE Ta Opia:

Z,Z,X

i lim f(x)

X—>+0

i. limf(x)

x—0

iii.  limf (Ej
X—>+30 X

Auon

i. Eivat: z=nux(2+2i)—x(2-2i) = (2nux — 2X) + (2nux + 2x)i , omote
|z|2 = (2nux — 2X)? + (2nux + 2Xx)? =

A p’X + 4X2 —8XMuX + Anpu’X + 4% +8xnpux = 8np’x +8x*

2,2, =(2+2i)(2-2i)=4+4=8

Emopevwg f(X) =

2 2 2
8nNux+8x =(nuxj 1

8x? X
2 2 2
Apa lim £(x) = lim S XF8XT_ ey KM) +1}:0+1:1
X—>+00 X—>+00 8x X—>+00 X
agou n—ux‘:hwqgi@——gﬂgi Kal Iim—i:O, lim i=O omote, AOyw Tou
RV I S

UL

Kpltnpiou mapepBoAng, lim
X—>+0 Y

x—0 x—0

i limf(x) = Iim{(%} +1} —1241=2
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Aoknon 7

Aivetal o pryadikog aptbudg z = 2x +A_,x eR.
X+i

i. Naypagei o pryadikdg aptbpog z otn popen o +Pi.

ii. Na umoAoyioete to 6plo lim Re(z) .

X—>—00

iii. Na umoAoyioete 10 Opto: lim [% Im(z)npx}

Auon
i. Eivau 2:2X+A_:2x+2|(zx_l):2x+2X2|+2:
X+1 X“+1 X“+1
( 2 j 2X .
2X +— +——I
X°+1) x°+1
ii. lim Re(z) = lim (2x+ 5 j:—oo+0=—oo
X0 X0 X +1

X—>+0

i, Ma x>0, éxoupe: lim | Im(@)nux |= tim [ 22X x| = lim X08X _
' ’ " x| 2 e 252+ 1M ) TR L

lim X““l oy % 11 ~01=0
2(1“1‘)(2) l+?
Agou T]L_|wa|£i<:>—igﬂsi Kat
X[ [ X x K

lim [—i]= lim (i}o
AT

, , . . . X
OTOTE amd TO KPITAPLO MAPEUBOANG éxoupe Kat lim 2 _o.

X—>+00 X
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Aoknon 8

Aivetat n ouvaptnon f ouvexig oto [-3,3] yia tnv omoia toxvet 3x° +4f%(x) = 27 yia kabe
x e[-3,3].

i. Na Bpeite 11g piceg tng e€iowong T(x) =0.
ii. Na amodeifete otin f dwatnpei mpoonpo oto didotnua (—3,3) .
iii. Na Bpebei o Tumog tng f .

f(x )—i

iv. Av emmAéov (1) = J6 va Bpeite 0 6pto Iing—2
X—> X

Auon

i. Av p piCa tng f(x) =0, td1€ €xoupe:
3p?+4f°(p)=27T=p°=9<p=3 1 p=-3.

ii. Emeldn n ouvaptnon f, wg ouvexng oto [-3,3], eivat ouvexng oto (—3,3) kat dev
undeviletal oto dlaotnua autod, datnpei mpoonuo oto (—3,3).

iii.
e Av f(x)<0, t6te amé m oxéon 3x* +4f?(x) = 27 éxoupe:

f(x):—%?’xz,xd—?ﬁ]

e Av f(x)>0, tote amé m oxéon 3x* +4f*(x) = 27 éxoupe:

f(x):—'272_3xz,XG[—3,3]

iv. f(1) = J6>0 apa amo to epwtnua (M3) €xoupe:

\27 -3%?

f(X):T,XE[—S,:{I .

fog_ 33 N27-3¢ 343
T o 2
omére lim—— 2 = lim—2 2 _jimN27-3x" ~3V3 _

X0 X X0 X X0 2X

27 -3x*-27 _lim 0

i 2x(\/27 3x? +343) 0 2(\/27 3x° +3f 3)
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Aoknon 9

Alvetal n ouvexng cuvaptnon f :[O,+oo) — R yia v omoia toxUeL:
3 s 2 X , ,
VX 42X 49 <3+ xf(x) < x T]M—+§+3 yla kafe x >0.Na Bpeite:

X

: , X% +2x+9-3
i. Toopto: lim i

x—0 2X

.. . . 2

ii. Toopo: limx'mu=.
x—0 X

iii. To éplo:Iingf(x).

iv. To f(0).

Auon

X2 +2Xx+9-9

o AXP+2x+9-3 .
i. lim =lim =
x>0 2x x>0 2x(x/x2+2x+9 +3)

lim X(x+2) _

1
x50 2x(\/x2 +2X+9 +3) 6

<1 ya kdbe x =0, éxoupe:

ii. Emeon ‘nug
X

o) e fan 2] <] e s <l
X X X

ANG Iim(—|x7|):lim|x7|:0

x—0 x—0

Omnote cUPPWVa e To KpLtnplo mapepBoAng Ba sivat Iirrg(xﬁ]ugj =0
X—>! X

iii. Na kabe x >0 €xoupe:

VX2 +2X+9 S3+Xf(X)SX8npg+§+3<:>
X
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<f(x) <
X X

/ 2 /

AAAG lim X +2x+9 —2I X" +2x+9 3=1 (amd i epwtnua).
X—0 X x—>0 3

2 X
IR Ve 1 1
lim X = I|m£x7np—+—j:0+—:— (amo ii epwtnua)
x—0 X x—=0 3 3

. . . : 1
Apa cUp@wva Pe To KPLTiplo mapePBoANg sivat Ilrrgf(x) = 3

iv. Apou n ouvaptnon f eivat cuvexng oto [O,+oo) , €lvat ouvexng kat oto X =0. Apa

ﬂm:yqum:%
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Aoknon 10

Aivetal n ouvaptnon f:R — R yia tnv omoia oxvet: (fof )(x) +2f (X) =2x +1 ywa kabe x e R

kat f(2)=5.
i. NaBpeite 1o f(5).
ii. Na amodeiete 6t n f avtiotpépetat.
iii. Na Bpeite to f7(2).

iv. Na AUoete v €icwon: f (f’1(2x2 +7X) —1) =2.

Auon

i. H oxéon (fof )(x)+2f (x) = 2x+1 1oxUel yia k@Be X € R omdte yia X =2 €Xoupe:

f(F(2)+2f(2) =22+1< f(5) +10=5 f(5) = -5

ii. 'Eotw X, X, € R pe f(x,)=F(X,), tdte €xoupe:

f(x,)=f(x,) =f(f(x,) =F(f(x,)) (emewdni n f eivai cuvdptnon) kat
f(x,) =f(x,) = 2f(x,) = 2f(X,)

apa f(f(x,))+2f(x,) =F(f(x,))+2f(X,) = 2%, +1=2X, +1= X, =X,

omdte n f eivat 1-1, apa avriotpépetat.

iii. @étoupe 6mou X to f(2) Kat éxoupe:
F(F(FLQ2) + 2f(F2(2) = 26 2(2) +1= F () + 4= 2f 1(2) +1=>

5+4-1=2f(2) = f(2)=4.

iv. ‘Exoupe:
fET2X°+7x) - =2 = f'2x*+7x)-1=f"'(Q) &

fr2x°+7x) =5 2x* +Tx=f(5) © 2X* +Tx+5=0

, 5
X, =-1n xzz—E.
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Aoknon 11

f(2)—i

Aivovtal n ouvaptnon f :[2,5] — R, o pyadikdg apibuog z = -
2+f(5)i

Kdl n ouvaptnon g e

g(x)=2f(2x +1) +f(x +1) .
i. Naypdyete tov z otn popen o +Pi .
ii. Avo z eival pavraotikog va amodeiete ot f(5) = 2f(2).

iii. Na Bpeite to medio oplopou g g -

Auon

i. Elvac

_t@-i _[f@-i][2-16)i] _2@)-fE) f@fE)+2,

S 2+f(5)i 4+f2(5) 4+f2(5) 4+f2(5)
ii. Z Qavtactikog apa Re(z)20©w:0©f(5):2f(2).
4+1°(5)
iii. Npénet:
£<x<2
2<2x+1<5 1<2x<4 5=
KOLL = KOLL = KOLL & 1<x<L2.
2<x+1<5 1<x<4 1<x<4

Apa D, = [1.2].

46



Aoknon 12

Aivetal n ouvaptnon f:R —> R pe tomo f(Xx) = 2|Z—Xi|+1 yla k@be x e R, 6mou z pyadikog

pe |z|=2 kat —2 < Im(z) < 2. Na anodei€ete ot:

i. f(x) :2\/x2—2Im(z)-x+4+l yla KGe x e R
ii. Hf eivai ouvexnc.

iii. Ymapxet X, €(0,5) tétolog, wote f(x,) =6
Auon
i. Eivau: |z—xi|2 = (z—Xxi)(Z + xi) =|z|2 +ZXi - XZi+X* &

|z—xi|2 =X’ +(z-2)xi+4 <

|z—xi|= \/xz —2Im(z)x +4.

Apa f(x) = 2\/x2 —2Im(z)X+4 +1 ywa k@be x e R (Apou A<0,amo umobeon, emeldn
-2<1Im(z)<2)

i. H f gival ouvexig wg oUvBeon Twv ouvexwv ouvaptioewy f (X) = x> —2Im(z)x +4 kat

f,(x) = 2/x +1

Marti ya kabe x e R, wxuvet: (f,of))(x) =f,(f, (X)) = 2\/x2 —-2Im(z)x+4 +1="1(x)

iii. Eivac: £(0) =5 kau f(5) = 2|z —5i[+12 2|z|-[5i| +1=7

Emiong n f eival ouvexng oto [0,5] (amo ii), apa cUpPwva Pe To BewWpnUA EVOLAPECWY TIHWY

n f maipvel 6Aeg Tig Tipég petalu twv f(0) =5 kal 7 (agou f(5) > 7). Emopévwg umdpxet
X, €(0,5) tétolog, wote f(x,) =6
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Aoknon 13

Aivetat n ouvexig ouvaptnon f:R — R yia v omoia oxtel F%(X) = a® + 20" +1 yia kabe
xeR, aeR".

i. Na amodei€ete 6t n f dwatnpei otabepo mpdonpo oto R .

ii. Av f(0)=-2 va Bpeite Tov tUmo tng f .

iii. Na umoAoyioete 10 6pto: lim M a<?2.
x—+0 3.2% 1 4.3%
iv. Na umoAoyioete 10 6pto: lim 20 -3 >3

, QU
X 3:2° 4 4.3

Auon
i. Eivat f2(x) = a™ +2a* +1:(ocX +1)2 #0 yua kabe x e R

H f eivat ouvexngoto R kat f(X) #0 yia ke x e R dpa, n f dwatnpei otabepd mpdonpo
oto R.

ii. Emedn f(0) =-2 eivat f(x) <0 ya kabe x e R

Apa f(x) :—(ocX +1):—ocX -1

2f (x) -3
m. 1M —m—=
x—+o0 3.2% 4 4.3%

20 -2-3"
m-———=
x—+o  3.2% 4 4.3%

[0 4
lim :_—1,acpoo O<%<1,0<%<l KC(lO<§<1 apa

X—>+00 X 4
3{3{2) +4}
3
lim Kﬁj — lim (EJ — lim (Ej ~0
x>0\ 3 x—+0| 3 x—+0| 3
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) . 2f(x)-3"
iv. lim ————
x>—0 3.2% 4 4.3%

. 20 -2-3
im—-—-—— =

xoo 3:2% + 4.3

. a . 3\ . 1\
lim|=| =lim| =] =0kat lim|=| =4x
x—>-0\ 2 x—>—0\ 2 Xx—>-o\ 2

=—00, agpou %>1,§>1 Kat 0<£<1 apa
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Aoknon 14

Aivetat n cuvexiig cuvaptnon f:R — R yia tnv omoia woxUet: X* +1<4f(X) < x* +2yia kabe

XxXelR.

i. Na amodeifete ot %Sf(O) Si Kal %Sf(l) <—.

ii. Na Bpeite To dplo: Iim{x“f (lﬂ .

iii. Na Bpeite to opto: lim

iv. Na amodeigete ot umdpxet & [0,1] tétolo, wote f(&)-£=0.

Auon

3
4

x—0

X

x°f (ij + 4npu3x

x>0 2x% +3nux

i. H oxéon x* +1<4f(x) <x*+2 ox0el yia k@be x e R

MNa x=0, éxoupe:

1s4f(0)s2<:>%sf(0)s%

Ma x =1, éxoupe:

234f(1)s3<:>%sf(1)s%

ii.Ma x #0, 6étoups 6TMOU X TO — OTN GOCHEVN OXECN KAl EXOUE:
X

Bfen(2

X—0

Eivat: lim l+1x4 :i kat lim 1+1x4 :1
4 4 4 2

Apa amo to KpLtnplo mapePBOANG EXOUlE: Iing x*f (Ej =

4
+2<:>1+1x4£x4f R PR
4 4 X 4 2

x>0\ 4

4

X
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iii. Etvat:

f( j+4m¢3x f( j+4nMSX 1+4.3 19
lim — lim—X X _4 ¥
x—0 2X2 +3T]MX x—=0 2X_+_3T”’LX 0+3 12
X
agpou lim x*f 1 :1 (amd ii), “mnu3x 3lim nuBX =3lim—— npd =31=3
X—0 X 4 x=>0 X x—0  3x u=>0

iv. ‘Eotw g(x) =f(X)—x

H g eivat ouvexrg oto [0,1]. Emiong toxUet:

9(0)9() =F () [f (1) ~1] <0 aoi %sf(O)S%:f(ObO Ka %sf(l)s%:f(l)d.

Apa amd to Bewpnua Bolzano umdpxel éva touAdxiotov & e (0,1) tétolo wote

9(8)=0=1(5)-&=0
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Aoknon 15

i Av lim21x) -4

=2, va Bpeite 1o limf(x).
Xx—0 X Xx—0
ii. Aivetaw n ouvaptnon g:R — R yua tnv omoia toxueL:
Xg(X) +2 < 2c0VX —MuX + X, yla k@be x e R.

Na Bpeite to limg(x), av gival yvwoto OTL UTapXeL Kal €ival mpaypatikog aptopog.
x—0

2¢2 2
iii. Na Bpeite 1o 6plo: lim Xt (ZX)H]Z“ (2x)
x>0 g X+ Xg(X)

Auon
i. ©¢toupe: h(x)= 2(x) -4 o f(x) = Xh@;) +4
X

'ETOL, £XOUpE:

xh(x)+4
2

leLrgf(x):legg 2

ii. Elvau:

Xg(X) +2 < 2c0VvX —MuX + X, yla kabe x € R omote éxoupe: Xg(X) < 20LVX —NuX +X —2

e Av x>0, tote: g(x) < 200VX X+ X~ 2 <g(x) < 2(cvvx—1) mmx +1 kat
X X
emopévwg limg(x) <20-1+1< limg(x) <0.
x—0* x—0"
e Av x<0, tote: g(x)> 200VX —MpX+ X =2 < g(x) > 2(cvvx—1) mmx +1 kat
X X

ETTOPEVWG

Iirgl g(x)>20-1+1< Iirgl g(x) > 0.

Apa Iing g(x)=0
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iii. Elvau:

X2_|:f2(x)+nl"l2(2X):|
x2f2(x)+np.2(2x)=Iim X2 | 4+4

!(I—rjg 2 2 x—0 2 B 1+0 =8.
X +XY() x{(“f{xj +g(x)} "

2 2 2
Ao fim T ZX) _ jiy g M CX) _ i [ M0 | _ iy
x—0 X x—0 (2)() x50 (2)() u—0
2 2
Iim(eixj :|im(Ln_“Xj —1
X—0 X x>0\ cuvX X

[

nuu

u

2
j =4 Kat
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Aoknon 16

Aivetai n ouvaptnon f:R - R yia tv omoia woxUet: 3f(X)+2f°(X) =4x +1 yia kaBe x e R .

i. Naamodeifete 6TL n f avriotpépetal kat va opioete tny .

ii. Na amodeifete 6t n ™ eival yvnoiwg av€ouca.

iii. Na Bpeite Ta onpeia Topng TwV Ypagpikwy Tapactdcewy twv cuvapticswy f kat 7,

av yvwpilete 6tL autd Bpiokovtal mdvw otnyv gubeia pe e§icwon y =X .

iv. Na AuBei n e€iowon: f (Zex’l) =f(3-x).

AUon
i. Eotw X,,X, € R pe f(Xx,) =F(x,), tote £xoupe:
f(x,) =f(x,)=f3(x,) =f>(x,) = 2f3(x,) = 2f*(x,)
kat f(x,)=T(x,) = 3f(x,) =3f(x,)
apa 2f°(x,)+3f(x,) = 2f*(x,) +3f(X,) = 4x, +1=4x, +1
omdte n f eivat 1-1, apa avtiotpEpetat.

@étoupe 6mou X to f'(X) otn GoBeica oxéon Kat £XOUpE:
3 (F1(x)+ 2 f(F2(0) | =4F *(x)+1
IX+2x° =4f (X)) +1=

C2x°+3x-1

f7(x) 2

ii. Ma kabe X, X, € R pe X, <X, €Xoupe:
3 3 3 3

X, <X, = X" <X, = 2X,” <2X,

Kat X; <X, = 3%, <3X, = 3X, -1<3x, -1

apa

2x,> +3x, -1 < 2x,° +3x, -1

2%, +3%x, 1< 2%,° +3x, 1= 2
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P 0) <F(x,),

omote T yvnoiwg atousa.
iii. 'Exoupe:
f'X)=fxX)of'(X) =x<

3 —
wzxazﬁ—x—l:O@x:l.

iv. H f elvat 1-1, omdte €éxoupe:
f2e) =f(3-X) =28 =3-x = 2" +x-3=0 (1)
H (1) éxel mpowavn pida tnv x =1.
‘Eotw g(X) =2e""+x-3. MNa k@ X,,X, e R pe X, <X, éxoupe:
X, <X, =X, —1<x,-1=> e <t = 200" < 2%
Kat X; <X, = X; —3<X,-3
dpa 288 +x, -3<2e +x, -3 g(x,) <g(X,)

Omodte g yvnoiwg augouca oto R . Emopévwg n pida x =1 eivat povadikn.
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Aoknon 17

Aivetat n ouvexig ouvdptnon f oto R kat o pyadikog aptbuog z =f(x) + 2(nux)i, tétolog
WOTE: |z|2 —2Re(2) Im(z) +3x = x> +10.

i. Na amodeigete ott n ouvaptnon g(x) =f(x)—2nux dwatnpei otabepod mpdonpo oto R.
ii. Na Bpeite tn ouvdptnon f av f(0) = J10.

f(X) + cuvx —1-+/10
X

iii. Na Bpeite to IXILT(}
Adon
i. Eivau:
|z|2 =x*-3x+2Re(z) Im(z) +10
f2(X) +4nu’x = x* = 3x + 4f (X)nux +10 <
[f(x) —thx]2 =x*-3x+10 (1)

YmoBétoupe OTL n ouvdptnon g Ogv datnpei otabepod mpdonpo, tote Ba umdpxouv X, X, € R
té€tola wote: g(x,)g(x,) <0

Apa, oUp@wva pe To Bepnpa Tou Bolzano umdpxet éva TOUAAXIGTOV X, € (X, X, ) WOoTE
g(xo) =0.

@)
ométe: g(x,)=0=g°(X,) =0=>X,” —3%, +10=0 mou ivat aromo (A=-31<0)

ii. Eivar: (0) = V10 >0, dpa amd (i) éxoupe: f(X) =vx* =3x +10 + 2npx
ifi. Elvau

“mf(x)+covx—\/ﬁ—l_ lim VX% =3x+10 + 2nux +covx —+10 -1

x—0 X Xx—0 X
2
. AX°=3x+10-+410 ,. 2nux .. ocvvx-1
=lim +1lim nu +1lim =
x—0 X Xx—0 X x—0 X
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. x? —3X
=lim

X0 x(\/x2 -3x+10 +\/1_0)

£2140=—S_ 42

2410
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Aoknon 18
Aivovtat ot ouvaptioelc f(X) =X +1-1 kat g(x)=2—X.
i. Na Bpeite to medio oplopou Twv cuvaptioewy f kat g.
ii. Na oplobei n cuvaptnon fog.
iii. Na amodeifete 6t n f avriotpéperal kat va Bpeite tnv .

iv. Na Bpeite to €idog Tng povotoviag tng cuvaptnong fofog.

i. Ma va opiletain f, mpémet: Xx+1>0<= x>-1
Apa to medio opiopou Tng givat to: D, = [—1, +oo) i

To medio oplopou tng g eivat to: D, =R (moAuwvupiki)

ii. To medio opiopou tng fog ivat:
Dy ={X€eR/2-x2-1} ={xeR/x <3} =(—0,3]#J

Apa yia KaBe X e (-, 3] éxoupe:

(fog)(x) =f (9(x))=v2-x+1-1=~3-x-1

iii. Ma k@Be x,, X, €[—1,+0) éxoupe:

f(x)=f(x,)= \/xl +l—1:\/x2 +1-1= X, =X,.

Apa, n f avtiotpépeta.

Eotw f(X) =y < y=vXx+1-1< y+1=~/x+1, (mpénet y>-1)< x = (y+1)? -1 ondre
f’l(x):(x+l)2—1 pe x> -1

iv. [a kABe X;,X, €[—1,+%) PE X, <X, EXOUE:

X, <X, =X +1<X, +1= X, +1-1< m—l:f(xl) <f(x,).

Apan f eivat yvnoiwg avfouca. MNa kabe X,;,X, e R pe X; <X, €xoupe:
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X, <X, = 2-X,>2-X, =09(X;) >09(X,) .
Apa n g eivat yvnoiwg @Bivouoa.
Digrg = Drogrogy = {X € (—00,81/3=X =12 1} = (-0,3] # B .

Ma kdbe Xx,, X, e(—oo,3] HE

g yv. @Bivouca f yv.av€ouca

X <X, = 9(x)>9(x;) = F(9(x))>f(a(x;))=

f(f(9(x)))>f(f(a(x.)))-

Apa n ouvdptnon fofog ival yvnoiwg @bivouca oto (—oo,3] .

59



Aoknon 19

2
Do g
X—X
Aivetal n ouvexng ouvaptnon f pe f(x) = A Xx=0

V8XZ+x+16-3x, x>0

i. NaBpeite ta k,A .

ii. Na umoAoyioete to 6pto: lim f(x) .
X—>+00

iii. Na umoAoyioete o Opto: lim f(X) .
X—>—0

iv. Na amodeiete ot n e€iowon f(X) =2In(8x +1) éxel pia touAdxiotov pila oto

didotnpa (0,1).

Auon
i. H f eivai ouvexng oto R, dpa kat oto X, =0

f : ouvexigoto x =0« lim f(x) = lim f(x) =f(0)
x—0" x—0"

NpX
24+ K——
|imf(x)=|im(m—'mz‘”‘j=|im x__2+xl_, o
x—0" x—0" X —X x->00 1-—X 1
lim £ (x) = Iirgl(\/sz +x+16—3x)=4
f(0)=A
Apa: =4 kat 2+k=4< k=2
2X+21‘|2},LX, x <0
X —X
ii. Ma k=2 kat A =4 exoupe: f(x)= 4 X =0 omote:

V8x?+x+16-3x, x>0
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2 _Oy?2
lim f(x) = lim (m_3x)= lim 8% X +16-9x* _

X—>+00 X—>+00 X—>+00 \/8X2 +X+16+3X

xz(—1+1+1§j
lim X X =(+oo)[ 1 j:—oo
X—>+00 1 16 \/§+3
X| ([8+—+—5+3
X X

iii. Elvau

242X

lim ZXF2MX iy X i L(zmﬂ] -0,
X—>—00 X —X X—>—00 1-Xx x>0 1—X X

agoy: [MHX :|HHX|Si®;1SMSi
Xl Y
kat lim _t = lim i:0,01'r<')ts amo to KpLtRplo mapePBoANg €xoupe: lim M:O
e )N oo X

iv. @ewpolpe T ouvaptnon g(x) =f(x)—2In(Bx+1), x [0,1]
H g eival cuvexng oto [O,l] (wg oUvOeoN Kal ATTOTEAECHA TTPAEEWY CUVEXWY)
Emiong:

g(0)=f(0)=4>0

g(l):f(l)—2ln9:2—2ln9:2ln%<0

Apa amd 1o Bswpnpa Bolzano éxoupe 0Tt n e€iowon g(X) =0 < f(x) =2In(8x +1) éxel pa

TouAdxiotov pila oto (0,1).
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Aoknon 20

2 —_—
X xe(=,0)u(0.2)
4(x° —2x°)
Aivetat n ouvaptnon f pef(x) = katn g:R-{0,1} >R
x| X € (2,+0)
2(x°—4)

yla tnv omoia oxUeL:

lim nMX'g(X)"' 2X

x—0 3x

=5 kat g(x+3) =g(x)+f(X) yua kdbe x e R

Na Bpeite:

i. To k av umdpxel to L@f(x).
ii. To oplo Ixiggf(x).
iii. To oplo Ixiir(l)g(x) .
iv. To oplo leﬂ g(x) .

Auon

2— — —_—
i, Eivat im () = lim X 22X+8 _ iy X=2)x=%) | 1

X7 w2 4(x3—2x2)  x-2 AxE(x-2) 16
lim f(x) = lim——%+L
X2 x-2' 2(X = 2)(X +2)

‘Exoupe: lim(kx+1) =2k +1
x—2"

Kal Iirg 2(x-2)(x+2)=0

Av 2K+1¢0<:>K¢—% t0te 10 lim f(X) =+00 | —o0.

x—2"

Av 2k+1=0< k= —% TOTE €XOUpE:



—1x+1
limfx)=lim—2 —  _jim——X%=2 __ 1
x—>2" x>2' 2(X=2)(x+2) x-2 4(x-2)(x+2) 16

. . , 1
AnAadn umapxel To Imzf(x) av Kat yovo av K = )

2 —_— —
i. Eivau: Iimf(x):limﬂzlim—(x 22)(X ) _
X—0" x—0 4(X3 _ 2X2) x—=0 4X (X _2)

iii. @€toupe:

h(x) = nuxgéﬁ < nuxg(x) =3xh(x) - 2x kat yia X # 0 €xoupe:
X

limg(x) = im0 =2X _agiim L _ofim—L _15_2-13
x—0 x—0 ﬂHX x—0 T”,lX x—0 T”,LX
X X

X=U+

3
iv. Eivau limg(x) = Iirrgg(u+3):Iirrg[g(u)+f(u)]=13+(—oo)=—oo
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OEMA A
Aoknon 1
Aivetal n ouvdptnon f pe tumo:
f(x) =-2x° —|7|x° +2|z|5 xeR,ze C
a) Na e€etaoete wg mMpog Tt povotovia tn cuvaptnon f.
B) Na Bpeite 10 cUvoAo Tipwy tng f.

y) Na amodeigete ot n e€iowon f(x) =0 éxet akpiBag pia pifa oto Gudstnpa (0, 2]).

. —f(x)+2)zf
5) Av lim 00+ 22

x—0 T”,l X
aVAKOUV Ol ELIKOVEG ToU Htyadilkou aplOpou z.

=1, va Bpeite TNV KaUmUAN tou pryadikou emmeEdOU, oTnV omoida

Auon

a) Na kabe X;,X, e R pe X; <X, EXOUYE:

X, <X, = X, <X,” = -2X,° >-2X,” Kat

X, <X, =X <%, =—[z]x’ >—|7x,’ =

2%+ 22" > |z x,* + 2[2[ .

Apa —2x.° [z + 2z > -2x,7 ~|z|x,} + 2|z = F(x,) > F(x,) .

Omnote n f eival yvnoiwg pbivouca oto R .

B) H f €xel medio oplopol to R, €ival cuvexig Kat yvnoiwg @Bivouca, dpa £xet GUVOAO TIHWY
10!

f(R) :( lim £(x), lim f(x)). Eivau:
lim f(x) = lim (—2x5 —|z|x3+2|z|5):
lim (—2x5) = —2(+o0) = —o0

lim f(x) = lim (—Zx5 —|Z|X3+2|z|5):

X—>—00
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lim (—2x°) = =2(-w0) = +o0

X—>—00

Emopévag giva: f(R) = (—o0,+0)

y) Ma tn ouvexn ocuvdaptnon f oto [0|z|] toxuouv:

o f(0)=2[z>0

o 1() =2l - +2lef =l <0

Apa ané to Be@pnua Bolzano n f(x) =0 éxet pia TouAdxiotov pia oto (0,|z|) kat emeidn n

glval yvnoiwg @bivouca oto (0|Z|) n pida eivat povadikn.

—f(x)+2Z
Xx—0 nux

%% +[z|x® —2|z|5 +2|z|5
lim =

Xx—0 nu3x
|imx3(2x—z+|z|)=|im .S
x—0 nux x—0 (T“JX 1

X

Apa ol EIKOVEG TOU Z OTO PLyddiko emimedo, avnKouv oTo povadlaio KUKAO.
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Aoknon 2
Aivetau n ouvaptnon f pe f(x) =3In2x+e* +4x - 2.
i. Na e€etdoete wg mpog Tn povotovia tnyv f.
ii. Na umoAoyioete ta opla: !(ig(])f(x) Kal XILerf(x) )

3
iii. Na AuBei n e€iowon f(x) =e?

iv. Na Bpeite tov mpaypatiko Btk aptBud p yla to omoio 1oxUEL:

3In4p—3IN(2u? +2) — 4(u? +1) =3+ _gd _gy

Auon

i. Houvaptnon f éxet D; =(0,+0). Na k&be X, X, € (0,40) pe X, < X, EXOUE:
X, <X, = 2X,; < 2X, = In2x, <In2x, = 3In2x, <3In2x,

KAl X, < X, = 3X, <3x, = e <e¥

Kal

X, <X, = 4X, <4X, = 4X, -2 <4x, -2,

3%,

Apa 3In2x, +e¥ +4x, —2 <3In2x, +e¥* +4x, —2 = f(x,) < f(X,).

Omote n f eival yvnoiwg at€ouca oto (0, +w).

ii.Elvau:
limf (x) = lim(3In 2X+€¥ +4x—2)=—0+1+0-2=—0

agoU limIn2x =limlnu =—owo, kat lime* =lime" =1.
0

X— u—0 x—0 u—0

lim f(x) = lim (3In2x +e* +4x —2) = +0 agou lim In2x = lim Inu =+ Kat
X—>+00 X—>-+00

X—>+0 U—>+o0

lim e* = lim e" =+

X—>+0 U—>+o0
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3
iii. f(x)=e? < f(x) :f(%j & X :%, (aol n f yvnoiwg av€ouca apa kat 1-1) kat n pida

givat povadikn.

iv. Eivat:

3Indp —3IN(2u? +2) — 4(u? +1) = 3D _ g% _gy

3Indp+e* +8u =3N2(n? +1) + 3 1 41 +1) &

3In2:(2p) + €% + 4.(2u) — 2 = 3In2(u? +1) + 5D + 4(p? +1) - 2 <

f2u) =f(u*+1) © p’ +1=2p < p=1 (AmAj pila).
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Aoknon 3

Aivetal n ouvexng ouvaptnon f:R — R ywa tnv omoia 1oxuouv ot cUVOAKEG:
1, ,
o [3npux—2xf(x)| SEX , Yla kGBe xeR.
o 4f(x)+3f(x+1)=2x"-2013, yia ke xR
i. Na Bpeite 1o 6plo Iirrgf(x) )

ii. Na Bpeite to (1) .

iii. Na amodeiete ot1L n ypagikn mapdotacn tng f tépvel Tn ypagikn mapdotaon tng
ouvaptnong g(X) = X—1 oe éva Touldxiotov onpeio pe tetpnpévn X, € (0,1) .

Auon

i. loxUet: [3nux —2xf (x)| < %xz, xeR

o T x>0, éxoupe: [3nux —2xf(x)| s%xz = —%xz < 3nux — 2xf(x) g%xz N

—£x+iwsf(x)six+§n—“x
4 2 X 4 2 X
aMAa: lim _1X+§T]_MX =E kat lim (_E)HET]_“XJZE
x-0"\ 4 2 X 2 x-0°\ 4 2 X 2
e Ta x<0, éxoupe: iXJFET]—“Xsf(x)£—1x+§n—ux aAAa lim _1X+§11_HX
4 2 X 4 2 X x>0\ 4 2 X

oTmoTE AOYW TOU KPLTNPiou mapePBOANG EXOUE:

Iimf(x):g

x—0" 2

Apa Iirglf(x): Iir?f(x):g Kal ETOUEVWG Iingf(x)zg.

j:

3
2
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ii. H oxéon 4f(x)+3f(x+1) = 2x* —2013 1oxUel yla kabs X € R dpa kat yla X =0 ométe
éxoupe: 4f (0) + 3f (1) =—-2013. AAAG f ocuvexng omote:

£(0) = limf (x) :%

Apa 4% +3f (1) = —2013 < (1) = —673.

iii. Apkei va umapxet X, € (0,1) tétoo, wote f(X,)=9(X,) < f(x,)-09(X,)=0
‘Eotw h(x)=f(x)—-g(x), x €[0,1] . Eivat:

3, 1
h(©)=f(0)~g(0) = ~1=7>0
h(l) =f(1)-g(l) =-673<0

673

Omote: h(0)h(D) = - <0

Emeidn n h eivat ouvexig oto [0,1], wg dla@opd CUVEXWY CUVAPTACEWY, amd To Bewpnpa
Bolzano cupmepaivoupe 6Tl umdpxet éva touAdxiotov X, € (0,1) tétoto, wote f(X,) =9(X,) -
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Aoknon 4

Aivetau n cuvdptnon f pe f(x) =-2|z|+,/2x 3|z, zeC
i. Na Bpeite to medio opiopou tng f.

ii. Na amodeiete 6t n f avtiotpépetat.

iii. Av ol ypagikég mapaotdoelg twv f kat ™ éxouv pévo éva koo onpeio mavw otnv
eubeia pe e€lowon y = X, va Bpeite T0 YEWUETPIKO TOTIO TWV EIKOVWY TOU Z.

iv. Av Ol EIKOVEG TWV Htyadlkwy Z,, Z, AVAKOUV GTOV TIPONYOUHEVO YEWHETPIKO TOTO, Va

anodei€ete 0T 7|z, —7,|<2.

Auon
i. Mpénet:

2x-3|z|>0 < x zg|z| .
Apa D, = [%|Z|,+oo)

ii. Ma kabe X,,X, € D; pe X, <X, €xoupe:
X, < X, = 2X, < 2X, = 2X, —3|z| < 2x, -3|7| =

\/2x1 -3|z| < \/2x2 -3|z| = -2|z|+ 2%, -3|7| = -2|z|+ /2, -3|7| =

f(x,) <f(x,).

Omnote n ouvaptnon f eival yvnoiwg av€ouca dpa kat 1-1 omOTE AVTICTPEPETAL.

iii. H f eival yvnoiwe augouca dapa yia KaBe X € D, éxoue:
f(x)=F1(x) & f(X)=x & 27|+ [2x-3[7 =x &

\/2x—73|z|: 20z|+x & 2x-3[z| = 4fz[ +x* +4[z|x =
x?+2(2[z]-1)x + 42| +3z|=0

Mpéme:: A=0< (apod ot C;,C,., éxouv pévo £va kows onpieio)
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1
4(4f2 - 4jz|+1)-16]2[ ~12[z| = 0 = I =2

. . . . . 1
Apa 0 YEWHETPIKOG TOTOG eival KUKAoG pe kévrpo 0(0,0) kat aktiva p = -

iv. APoU ol EIKOVEG TWV HIYadlkwV Z;,Z, AVAKOUV OTOV TIPONYOUHEVO YEWHETPIKO TOTIO IOXUEL:

|zl—zz|£2%<:>7|zl—zz|£2
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Aoknon 5

Aivetal n ouvexng ouvdaptnon f:R — R kat o ptyadikog apibuog z =1+f(2)i ywa tov omoio
1oxUet [z +9i[ =3z +i|.

Na amodeiete ot
i |7=3
i. f%(2)=8
iii. Ymapxet touldxiotov éva X, € (0,2) tétolo, ote: 3x,f?(x,)+9=8%.
Aton
i. Eivau:
|2+ 9i|=3[z+i| = |2+ 9] =9z +i[ < (z+91)(Z-91)=9(z+i)(Z-i) =
|2 —92i +97i +81=9|7| ~9zi +9Zi+9 =

8|z =72 |7|=3
ii. Eivat |z|=3 = L+f(Qi =9 =1+f(2)=9 = f?(2) =8

iii. ‘Eotw g(x) =3xf?(x)-8"+9
H g eivat ouvexrig oto [0,2]. Emiong g(0) =8> 0 kat g(2) =6f*(2)-64+9=-7<0.

Apa g(0)-9(2) <0, ométe Adyw Tou Bewprpatog Tou Bolzano, umdpxel X, €(0,2) wote
9(X,) =0 < 3x,f?(x,) +9=8%
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Aoknon 6

\/g_1+|z+3i|, av x<1
x“ -1

Aivetat ouvaptnon f pe f(X) =
inu(x_1)+|z—1+4i|, av X>1
4 x-1

Av umdpxet o limf(x) tote:
x—1

i. Na Bpeite TOV YEWHETPIKO TOTIO TWV EIKOVWY TOU Z.

ii. Na Bpeite To onpeio TOU YEWHETPLIKOU TOTIOU TTOU ATIEXEL TNV EAAXIOTN ATTOGTAGCN ATO TNV
apxn Twv afovwy.

iii. Na amodeifete 0TI uTTApXxeL Eva TOUAAXIOTOV o € (O,l) TéT0l0 Wote 4e™ :150c|z| +1.

Auon

i. AQou uTidpxel To Iingf(x) Ba woxvet: lim f(x) = lim f(x)
X—> X—1 x—1"

Eivac: lim f(x) = lim (&_1+|z+3i|) =

x—1 x>l | X2 =1

lim x-1
-1 (X —1)(X +1)(V/X +1)

+|z+3i|:1+|z+3i|
4
Kdl

. . - . Oy -1 .
lim f (x) = lim EM+|z—1+4|| =£+|Z—l+4l| 6Tl |ImM=|Imw:1
x—1" -1 4 x-=1 4 x-1" X =1 u=0

Apa

=

THz 8= -t i 28 = -1 4if

(z+3i)(z-3)

(z-1+4i)(Z-1-4i) =
|2 —3zi+37i+9 =z ~z2-4zi-Z+1+4i +47i - 4i +16 &
2i-7i=-2-7+8 &

(z-2)i+z+Z=8«<
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—2Yy+2Xx=8<=Xx-y-4=0
Emopéviwg 0 YEWHETPLKAG TOTTOG TWV EIKOVWY Tou Z gival n eubeia pe e€iowon: X—-y—-4=0
ii. 'Eotw M(X,,Y,) T0 {ntolpevo onueio Tou YEWPETPIKOU TOToU. To onpeio M eival to onpeio

TOpNG TwV eubewy g, : X—Y—4=0 kat Ing &,, KABETNG TPOG TNV €ubtia amd Tnv apxn twv
afovwy. ‘Exoupe:

Aehe, =-1< ke, =-1, onote ¢,y =—X.

{x—y—4:0

Y= x }<:> (x=2 kat y=-2)

Apa M(2,-2)

iii. ‘Eotw g(x) = 4e*** —15x|z|-1.

Eivai: g(0)=4e-1>0

lz|>d(0,e)=2V2 =

~15|z| < —30+/2 = 4¢? ~15|z| < 4¢? 302 =
4e” ~15|z|-1< 4e” —~30v2 -1= g(1) <O.

Apa Adyw tou Bewpnpatog tou Bolzano undpxel éva toulaxiotov a € (0,1) tétolo, wote
g(a) =0 < 4e*** =15az|+1
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Aoknon 7

Alvetal n ouvexng kat yvnoiwg av€ouca oto R cuvdaptnon Kat ot Ptyadikoi apibpoi
z,=3f(2)+2i ka z, =2f(4)+3i.

i. Na Bpebei 1o Re(z,Z,) .
ii. Na Bpebei o Im(z,Z,)

iii. Av o z,Z, eival pavtaoctikog aplBpog va anodeigete otL n e§iowon f(X) =0 éxel pa poévo
pi¢a oto (2,4)

iv. Na amodei§ete 6Tt Re(z,Z,) >0 av eivat yvwoto 6t o z,Z, gival mpaypatikog.

Auon

i. Eivat:
2,7, = [Sf (2) + 2i] [2f (4) - 3i] = [6f (2)f(4)+ 6] + [—9f (2) + 4f (4)]i

Apa Re(z,z,) =6f(2)f(4)+6
ii. Amo (i) éxoupe: Im(z,Z,) =-9f(2) +4f(4)

iii.Emedn z,Z, @avtactikdg Ba woxve: Re(z,Z,) =0 < f(2)F(4) =-1 (amo (i)
H f eival ouvexrig oto [2,4].

Apa Aéyw Tou Bswpripatog Bolzano n f éxet pia TouAdxictov pila oto (2,4)
Kat emeldn eivat yvnoiwg avgouoa, n pida sivat yjovadikn.

: - . . - 4 .

iv. ApoU z,Z, mpaypatikog, Ba oxvel Im(z,Z,) =0 < f(2) :51‘(4) (amo (ii)).

Apa Re(Zlfz)=6f(2)f(4)+6:§f2(4)+6>0
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Aoknon 8

Aivetat n ouvexig ouvaptnon f:R — R tétola wote: knp’x = X*f(X) +4/1+Mu°X — A yua
Kabe x e R (1) kat n ypa@ikn tng mapdotaocn OEPXETAL Ao TO onpeio A(O,%)

i.  NaBpeite ta ¥ Kat A

ii. Av k=1kat A =1 vaBpeite tnv f.

, . . F(x
iii. Na Bpeite 1o oplo: lim (x)
x=0 guVX

AUon
i. AeC,, apa f(O)z%@%zl

H oxéon (1) yia A =1 yivetat: xnu’x = x*f(X) ++/1+nu°x =1 kat ywa X # 0éxoupe:

2 2
1-41 ,
f(x)= KR X E > Rl OTIOTE:
X

2 2
Iirrgf(x)=lirrg[x-(ﬂj }Iim e X =K—l
X—> X—> X

x>0 x2(1+«/1+nu2x) 2

AM\G n T eival ouvexng oto 0, omoTte:

. 1 1
limf(x) =F(0) & k2= & k=1

ii. Hoxéon (1) yia k =A =1 yivetat: nu°x = x*fF(X) +/1+nu°x —1.

o X +1— 1+ nu’x
MNna x #0 n teAevtaia yivetaw: f(x) = e X+ > il .
X

Emiong éxoupe: f(0) :%

MU X +1— 1+ np’x
v , x#0
Apa f(x) =
l, x=0
2
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iii. Etvat:

2 2
x=0 guvX  x—20 X“ovvX x>0 GLVX X x=>0  X“ovvX

2 _ 2 2 B 5
lim f(x) _limMex+1 J1+np’x =Iim{ 1 _(nuxj }r"ml Vi+np'x _

2
1+1im LR
20 x2ouvx(L+ \/1+ nu’x)

—1—

N |-

1
2



Aoknon 9

30X 132" -4
2)(

Aivetat n ouvaptnon f pe f(x) = X
i.  Naamodeifete ot n f eival yvnoiwg at§ouca.
ii. Na Bpeite 10 Oplo XIiﬁrpoof(x) .
iii. Na Bpeite o 6plo XIiﬁrpoof(x)
iv. Na amodeiete ot n e€iowon f(X) =« €xel pia akpBwg pida oto R ya kabe ke R.
Adon

i. To medio optopou tng f civat to R, agou 2* #0yia kabe x e R.

Eivau:

3 9x X _ X
F(x) = X2 ;32 4:x3+3—4(%j

Ma kaBe X, X, € R pe X, <X, éxoupe: X, <X, = X,° <X,’ =X +3<x,’ +3
KAl X, <X, = 1 > 1 =-4 1 <-4 1 :
2 2 2 2
1 X
agou n ouvdptnon (Ej glvat yvnoiwg gbivouca. Apa

x13+3—4(%j < x23+3—4(%] = f(x,) <f(x,)

omote n f eival yvnoiwg av€ouoa.

ii. Elvau:
. . 5 1Y
lim f(x) = lim {x +3—4(§j :|:(—oo)+3—4(+oo):—oo,

X—>—0

agou 0<%<1 omdte: lim (EJ =+o0.
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X—>+0 X—>+00

iii. Eivat: lim f(x) = lim {x3+3—4(

N

Jx}:(+oo)+3—4-02+oo,

agou 0<%<1om’)ts: lim (EJ =0.

X—>+00

iv. H f elval ouvexng (mpdelg ouvexwyv), €ival Kat yvnoiwg avouca dpa

f(R) = (XILrpwf(x),XILrpwf(x)) — (=00, 40) .

To ke R meptAapBavetal oto cuvoAo Tipwv tng f, omdte n e€iowon f(X) =k éxel pia
TouAaxiotov pifa oto R kat emedn n f eival yvnoiwg at€ouoa, n pila sivat povadiki.

Huepounvia tpomonoinong: 05/04/2012
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