EMANAAHITIKA OEMATA
KE®AAAIO 40: OAOKAHPQTIKOZ AOTIZMOZ

OEMA A
Aoknon 1

i. ‘Eotw f pua ocuvdaptnon oplopévn o €va didotnua A. Av F gival pua mapdyouoa tng f
oto A, tote va anodeiete OtL:

e 0OAgg ol ouvaptnoelg tng popeng G(x) =F(x)+c,ce R eivat mapayouoeg tng f oto A
Kal

e KabBe aMn mapdayouca G tng f oto A maipvel ™ popen G(X) =F(X)+c,ce R

.. , , , B
ii. Av ¢ >0, tote molo euBadov ekPpadlel to I cdx ;
o

Auon

i. KaBe ouvaptnon tng popeng G(x) =F(x)+c, dmou ce R, eivat yua mapayouca tng f oto
A, agpou G'(X) = (F(x)+c) =F'(x)=f(x), yiaa kdbe x e A.

‘Eotw G eival gua aAAn mapayouoa tng f oto A. Tdte yia kabe x € A woxvouv F'(x) =f(X)
kat G'(x) =f(x), omote G'(x) =F'(X), yia kabe x e A .

Apa umdpxel otaBepd ¢ tétola wote G(X) =F(x)+cC, yla kdbe X e A .

ii. Av ¢>0, 1é1€ TO J. Bcdx ekpadlel 1o ePBadoOv evog opboywviou TapaAAnAoypdppou P

Bdon B-a kat uyog c.




Aoknon 2

Auon

‘Eotw pia ouvexng ocuvdptnon ¢’ éva ddotnpa [a,B]. Av G eival pua mapdyouoa tng f

oto [o,P], Tote va amodeifete ot j Ri (Hdt =G(B)-G(a) -

‘Eotw f, g ouvexeig ouvaptnoelg oto [o, ] kat Q 1o xwpio mou meEPIKAEiETal amo Tig

C;,C,, kat TG eubeieg x = o kat X =f.

Na opioete 1o epBaddv tou xwpiou Q, av f(x)>g(x) ya kabe x € [a, B] -

M'vwpiloupe ot n cuvaptnon F(x) = J.xf(t)dt elval pa mapdyouoa tng f oto [a,P].

Emedn katn G eivat pua mapayouoa tng f oto [a,B], 6a undpxel c e R té€tolo, wote
G(X)=F(x)+c. (1)

Amé tnv (1), yua X = o, €EXOUME
G(a) = F(o) +c=[ f(tydt+c=c, omote c=G(a).

Emopévwg, G(x)=F(x)+G(a), omdte, yua X =, €éxoupe

B
G(B) = F(B)+G(a) = jff(t)due(a) kat dpa [f(t)dt=G(B)-G(a).

E = [[f()-g00]x



Aoknon 3

‘Eotw n ouvexng ouvaptnon f:[o, ] > R. Mowa oxéon divel To egBadov Tou xwpiou mou
mepikAeietat amo m C;, tov afova x'’X kai TG eubeieg X =0, X =f;

Auon

H oxéon eiva: E(Q) = [ [f (0fdx



Aoknon 4

i. ‘'Eotw f pia cuvaptnon oplopévn o €va dldotnpa A. Tt ovopdldoupe apxikn cuvdaptnon
N mapayouca tng f oto A;

ii. ‘Eotw f, g ouvexeig ouvaptnoelg oto [o, ] kat Q 1o xwpio mou mEPIKAEiETal amo TIg
C;,C, kat g eubeieg x = o kat X =f. Na opioete 10 epBadov tou xwpiou Q, av n
dwagopa f(x)—g(x)dev éxel otaBepd mpdonuo oto didotnua [o,f] -

Auon
i. 'Eotw f pia ouvaptnon opilopévn o€ éva diactnpa A. Apxikn cuvaptnon n mapdayouoca tng f

oto A ovopdadetal kabe cuvaptnon F mou gival mapaywyion oto A kat oxuetl F'(x) =f(x),
yla Kabe X e A .

i. E =Lﬁ|f(x)—g(x)|dx.



Aoknon 5

‘Eotw pua ouvaptnon f ouvexig oto [a,B] kat Q 1o xwpio mou mepikAeietat amd v C; , tov
agova X'x kat Tig eubeieg X = o kat X =f. Na opioete 10 epBadov tou xwpiou Q.

e av f(x)>0
e av f(x)<0

e avn f dev duatnpei otabepod mpoonpo oto [a, P -

Auon
o Av f(x)>0 to ggBaddv Q tou emmédou xwpiou mou opiletal amd t C, kat g

gubeieg X =0, X =P Kat Tov agova xx' eivat E(Q) = J‘ﬁf (x)dx.

e Av f(x) <0 to ggBadov Q tou emmédou xwpiou mou opiletal amd ) C, kat g

gubeieg X =, X =P kat Tov agova xx' eivat E(Q) = IB (—f(x))dx .

e Avn f O¢ duatnpei otabepod mpoonpo oto [a,B] 10 €UBadOV Q2 Tou MIMESOU XWpPiou

mou opidetat amd t C, kat tg eubeieg X = o, X = Kat Tov agova xx' ivat

E@) = [ [f(0]dx.



Aoknon 6

i.  Na owatunmwoete Kat va amodeifete 1o OepeAiwdeg Bewpnpa Tou OAOKANPWTIKOU
Aoyiopou.

ii.  Avn f elvat ouvexig oto dlactnua A mola givatl n mapaywyog tng cuvaptnong:

F(x) = J.j(x)f(t)dt HE TNV MpoUmdOeon OTL Ta xpnotpomoloupeva cUUBoAa £xouv vonua.

Auon
i. 'Eotw f pua ouvexnig ocuvaptnon o€ éva dwdaotnpa [a,B]. Av G gival pia mapdyouoa tng f

ovo [0, 8], ore: [ f(t)dt=G(B)-G(a).

M'vwpifoupe o6t n ocuvaptnon F(x) = J.xf(t)dt elval pa mapdyouoa g f oto [a,B]. Emedn
katn G eivat pua mapayouoa tng f oto [, ] 6a umdpxel ¢c e R tétolo, wote
G(X)=F(x)+c . (1)

Ao v (1), yla X = a., EXOUME

G(a) =F(a)+c= [ f(t)dt+c=c, omére ¢c=G(a). Emopévag, G(x)=F(x)+G(a), onére,

yua X =B, éxoupe G(B) = F(B)+G(o) = jff(t)duc-;(a) Kat dpa j:’f(t)dt =G(B)-G(a) .-

i 0ct) =) 909

o



Aoknon 7

Oewpoupe pla ouvexn cuvdaptnon f oplopévn o€ €va diaotnpa A kat €otw o € A . MNowa ival n

Tapaywyog tng cuvaptnong F(x) = '[Xf (t)dt, x e A;

Auon

F(x) = f(x).



OEMA B
Aoknon 1
Aivovtat ot cuvaptioelg: f(x)= J.: /n(t* —8)dt kat F(x) = _[:f(u)du :

i.  Na Bpeite 10 medio oplopou tng f kai tng F.

ii.  Na mpoodiopioete Ta diactpata ota omoia n cuvdptnon F eivat kuptni 1 KoiAn kat va
BpeboUv ta onpeia KAUmAg TNG YPAPIKNAG TNG TAPACTACNG.

iii.  Na amodeifete ot f(X) >0 yua kGOe X > 2+/2

iv.  Na amodei€ete 6t n F eival yvnoiwg avfouca.

Auon

i. @ewpoUpe tn cuvdptnon d(t) = /n(t*—8).

Eiva: 2 -8>0a t* >8 & [t > 22 & te (—0,~2v2) U (242, +0) dpan ¢ éxet medio
0ptopol 10 A = (—00,—2+/2) U (24/2, +00) oT0 omoio givat kat cuvexic. Ométe yia v f
EXOUME: X € (2\/§,+oo) , apou 3 e (2\/§,+oo) :

MNna v F ivai: H f opiletatl oto diaotnua (2\/§,+oo) Kat emedn 3 e (2\/§,+OO) eivat:

x>2\/§.

Apa D, = (2+/2,+).

ii. Ot ouvaptnoelg f, F ival oplopeveg Kal Tapaywyiolpeg oto (2\/§,+oo) pe F'(x) =f(X) kat
F"(X) =f'(x) = fn(x? —8) yia k@be X > 2+/2 .

Eivat:

e F'(X)=0< In(x*-8)=0< /(x> -8) =Nl x?—8=1<x =3, agol X >2/2 .
(H ouvaptnon In swvai1-1)

F'(X) <0< M(x*-8) <0 x*-8<le x* <9 [x|<3< 22 <x <3.
Agou X > 22 (n ouvdptnon In eivat yvnoiwg av€ouca).

Apa n F eival koiAn ywa kabe x (2\/5,3) i



e Opouwa:
F'(X)>0< x>3

Apa n F givat kupth yua kabe X > 3. Emopévwg, to onpeio M(3,F(3)) = (3,0) eivat to
povadiko onpeio kapmng tng C. .

iii. Elvau:

F'(x) =f'(X) yw kadbe x e (2\/§,+oo) . Apa, ot pieg kat To mpoonuo tng T’ tautifovral pe Tig
pieg kat to mpdonpo tng F” onAadn: f'(x) <0< 242 < x <3 and i) kat f'(X) >0 x>3
amo ii). Emopévwg n f mapoucialet oto X =3 0Awkd eAdaxioto, omote: f(X)>f(3) < f(x)>0
Yla KGO X € (24/2,+0) .

iv. Eivau
F'(x)=f(X) >0 yia KaBe X e (2+/2,+00) (amé iii.) Kat n GOHTTA OXVEL POVO yia X = 3.
Emopévwg, n Feivat yvnoiwg at€ouoa.



Aoknon 2

, , 2x3 +3x
Aivetat n ouvaptnon f:R —> R pe: f(X) =2—i
X* +

i.  Na Oci€ete o0t n ouvaptnon f avtiotpépetat.
ii.  Na Bpeite To oUVOAO TIHWY TNG.

iii.  Na Bpeite 11¢ acupmtwteg tng f av X - —o.

iv.  Na umoAoyioete to 6pto: lim (izj.oxf(t)dtj :
x—+0 | X

Auon
i. Makabs xeR n f eival mapaywyion pe

F/(x) = 2%° +3x ) _(6X*+3)(X*+1) - (2x° +3x)2x _ 6x" +3x? + 67 +3—4x* — X7 B
x? +1 (X* +1)? (X* +1)?

22X +3x%+3

>0
(X +1)°

Aol 2x* +3x?+3>0 yla kaBe x e R. Apa n f givat yvnoiwg at€ouca oto R, ondte siva
Kat 1-1, EMOUEVWG AVTICTPEPETAL.

ii. 'Emedn n f eival yvnoiwg avgouca oto R 1o cuvoAo tipgwy tng Ba givat

(Jim £ (x), lim £ (x))

X—>—0 X—>+©

. : 23 +3x 2% .
Eiva: lim f(x) = lim ———=lim —-=2lim x = -0
X—>—0 x>-—o X< 41 X—>—0 ¥ X—>—0
. o243 o 2x
lim f(x) = lim ———= lim —-= lim 2x = +w.
X—>+00 X—>+0 X +1 X—>+00 X X—>+0

Apa f(R) = (1im f(x), lim f(x)) = (~o0,+<0)

iii. H ouvaptnon f eivat cuvexng, wg amotéAsoHa MPAEEWY CUVEXWY CUVAPTACEWY, oTo R dpa
OEV EXEL KATAKOPUPN ACUUTTWTN. ©a PHEAETACOUKE TN cuvAPTNon av €xel TAayla i optdovtia
acUpTTWTN.

10



Eivau:

2x° +3x
lim T _ iy X1
X—>—o X X—»—00 X
22X +3x .28
lim ————=lim —=—=2

X—>—0 X3 + X X—>—0 X3

3
e limfO)—2x]= lim (ZXZ—*?’X—A]
X0 xo-o| X741

o233 —2x -2x .. X
lim > = lim =
X0 x+1 x>0 X 41

. X .1
= lim — = lim==0.
X——w0 ¥ X——0 ¥

Apa n eubeia Yy = 2X eivat mAayla acupmtwtn g C, ot0 —©

o o x(2t° +3t 280 + 2t +1
iv. ‘EXOUpE: IO f(t)dt=J‘0 (W]dt:jo Wdtz

2
= [ 2 D+t t=| (2t+ ! jdt=j 2tdt+ [t -
0 t°+1 0 t°+1 0 °0t°+1

2T 1 px(t? +1) 2 1 2 x 2.1 2 2 1 2
_[t ]o+§.[o Wdt_x +§[In(t +1)l)_x +§[In(x +1)—In1}_x +Eln(x +1)
1 J'Xf(t)dt x2+;ln(x2+1)

) . ) o B
Apa fim [, F0dt=Jim = = Jim ==

2 2 2 '
fim | 14 2INCCED Ty L INOCHD g 1, (N0 L)
xowel 20 X 2xom0 X 2xom (x%)

1

(X* +1)

2

—14 L jim X241 _14 1 Jim 21 _14i0-1.
2 X+ 2X 2 x—>+0 X +1 2

11



Aoknon 3
Aivetal n ouvexnig ouvaptnon f:R > R pe f(x) = I:Inz-xf (xt)dt+1.
i. Na amodeigete ot n f eival mapaywyiown.

f(x)

ii. Naamodeifete 6Tt n g(x) = 2—Xeivcn otaBepn kat va Bpeite v f.

iii.  Na umoAoyioete ta opua: lim m kat lim m

X—>+o0 SX X——0 5X

Auon
i. 'Exoupe: f(x) = InZEXf (xt)dt+1 (1). ©ctoupe xt =u,omote xdt =du kat

e Yat=0=u=0

e yat=l=u=x

Omote n (1) ypagetat: f(x) = InZJOXf(u)du +1 (2).

H f(u) eivat ouvexig dpa n onf(u)du elvat mapaywyiown omdte kat f mapaywyiown pe

f'(x) = (Inzjoxf(u)du +1)"=1n2f(x) (3)

ii. @a deigoupe ot g'(x) =0. MNa kdbe x e R éxoupe:

0 omorte

() = (f(x)j’ ()2 - f(x)(2Y)  f'(x)2"—f(x)2*In2 _f'(x)-f(x)In2®
g - X - (2)()2 - (2><)2 - X -
f(x)

g(x)=c dpa T:c.

f(X)—c<:>f(x)=c2X

X =

aAAd f(0) =1 (amd (2)), apa c=1 omote f(x)=2".

12



iii. Elvau:

e lim 1)
x—>+0  §X
e lim f®)
X—>—00 5X

X

= |lim 2—= lim

x—>+a0 BX

X

X—>+00

= lim 2—= lim

X—>—0 5X

X—>—0

(gj =0, apou 0<g<1.
5 5

BEs

13



Aoknon 4

Aivetal n ouvexnig ouvaptnon f:R — R ywa v omoia oxvet: f(x)=2e* -2+ rxf(t —X)dt

yla kabe x e R.
i. Na amodeigete ot n f eival mapaywyiowun.
ii.  Na Bpeite Tn ouvaptnon f.

iii.  Na Bpeite to 6plo: lim f(x) .

iv.  Na Bpeite tig acupmtwrteg ng f .

Auon
i. 'Eotw g(x) :J.ZXf(t—x)dt. Oftoupe t—X =U < t=X+U, omote eival dt =du.
Emiong:
e viat=x evatu=0
e ywa t=2x eivat u=x
‘Exoupe: g(x) =J'0Xf(u)du

Emopévwg, n oxéon tng umdbeong yivetat: f(x) =2e* -2+ onf (u)du (1)

H f eivat ouvexng apa n f (X) = onf(u)du elvat mapaywyiown wg apxikn tng f. Emiong n

f,(x) =2e* —2 mapaywyiown, omodte n f mapaywyion, wg ddpoloua Tapaywylsigwy
OUVAPTHOEWV.

ii. Ao tn oxéon (1) Tou i) Pe Tapaywylon Kat Twv U0 PEAWV EXOUHE:
f'(x)=2"+f(X) o f'X)-f(X)=2" e f'X)-e " f(X) =2 <
(e7fF(X)) =(2X) @ e f(X) =2x+c < f(X) =2xe* +ce* (2)

AMGA N (1) yia x =0 yivetat: f(0)=0 (3)

3)
H (2) yia x=0 divet: f(0)=c<c=0. Apa: f(x)=2xe".

iii. Eivau:
. . o 2X [To) .2 o (1Y
lim f(x) = lim (2x-€*) = lim = lim——=0, agou lime™ = lim| =| =+wo.

e—x X—-00 —@"~ X—>—00 X—>-o| @

14



iv. Amo iii) €éxoupe: lim f(x) =0, emopévwg n eubeia y =0 eivat opillovtia acupmtwtn g C;

OTO —00.

, . f(x . 2xe* . «
Emiong: lim Q: lim ——= lim (2e*) = +x.
X—>+0 ¥ X—>+0 X X—>+0

Emopevwg n C, Oev €xel mAAQyld acUPTTWTN 6T0 +oo . Kat téAog emeldn n f eival ouvexng oto

R, wg ytvOpEVO cuvEXWY cuvaptnoswy, n C, 8ev EXel KATAKOPUPN ACUUTITWTN.

15



Aoknon 5
Aivetal n ouvdptnon T pe f(x) = J.2X72In(16—t2)dt :
i.  Na Bpeite to medio oplopou tng ouvaptnong f .
ii.  Na amodei€ete ot n f eival mapaywyion Kat va Bpeite tny mapaywyo tg.
iii.  Na Bpeite Tnv e§iowon tng epantopévng tng C, oto onpeio A(4,(4)).

iv.  Na mpoodiopioete Ta diactpata ota omoia n cuvdptnon f eival kuptn A KoiAn Kat va
Bpebouv ta onueia KAPmNG TNG YPAPIKNAG TNG TAPACTACNG

Alon
i. @ewpoUpe tn ouvdptnon ¢(t) = In(16—t7).
Eivat: 16—t >0 < t e (-4,4) dpa n ¢ opiletat oto Sidotnpa A = (—4,4), onoTe TpEMEL:

2e(-4,4)
Kot S A4<Xx-2<4 -2<X<6
x—2¢€(-4,4)

Emopévwg to medio opiopou g f eivat to D, =(-2,6).
ii. H ouvdptnon ¢(t) = In(16 —t?) eivat cuvexig oto (-4,4) kain K(X) = X —2 mapaywyicn
oto owaotnpa (—2,6) apa ka n f eivat mapaywyiown oto (-2,6) wg ouvBeon mapaywylsipwy

OUVAPTNOEWV HE

f'(x) = (LH IN(16 —t?)dt) = IN[16 — (x — 2)°]-(x = 2)' = In(—x* + 4x +12) .

iii. 'Exoupe: f(4) = jzzln(16—t2)dt =0 kat f'(4) =In(-16+16+12) =In12 omdte n e§iowon tng
C; oto A(4,f(4)) eivat:

ery—f(4)=f'(4(x-4) n
e:y—-0=In12(x-4) n

e:y=In(12)x —4In12

16



iv. MNa kabe X € (—2,6) €xoupe:

(-x*+4x+12)"
X2 +4x+12

£7(x) = (IN(=x2 + 4x +12)) =

o =2x+4  2(x-4)
X2 +4x+12 xX?2-4x-12°

Eivat:

£7(%) <0 > —2X=4)

——— <0 2(x-4)20< x24 agou x> —4x-12<0 ot (-2,6).
X —4x-12

Apa n f eivat koiAn oto didotnua [4,6).

‘Opota f"(x) >0 < x<4. Apa n f eivat kuptA oto dwaotnua (—2,4].

H " aAAalet mpoonpo ekatépwBev Tou 4 Kat emiong opiletat epamtopevn g C, oto
A(4,T(4)), onote to A(4,T(4)) =(4,0) eivar onpeio kaumng.
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Aoknon 6

Aivetal n ouvexng kat aptia ocuvdptnon f:R — R ywa tnv omoia oxuUeL:

3xf(x) =3 fo(t)dt —24x° (1)

i.  Na amodeifete ot n f eival mapaywyioun oto R .
ii.  Na Bpeite tn ouvaptnon f.

iii. Na Bpeite Tov tUmo tng .

iv.  Na umoAoyiocete 10 oAokAnpwpa: | = J._sz(x)dx :

Auon

, 1 px . , ,
i. Ma x =0 éxoupe: f(x) :—L f(t)dt—8x* (2) n omoia eival mapaywyicun St
X

H f elval ouvexng omote n I Xf(t)dt elvat mapaywyiolpn kat emeldn L Tapaywyioun kat
2 X

1J.zxf(t)dt napaywyiown. Emiong —8x* mapaywyioipo omdte f(x) :£'|.2Xf(t)dt—8x4

X X

nmapaywyion oto R .

ii. Ao tn oxéon (1) ywa X =0 mapaywyilovtag EXOUpE:

3f (x) +3xf'(x) = 3f (x) —120x"* < f'(x) = -40x°

iii. Ao ii) éxoupe: f'(x) =—40x° yia kaBe x #0.
e Av x>0, tote: f(x)=-10x*+C, (3)
MNna x=2 n (1) oivet: 6f(2)=-768 < f(2)=-128
MNa x=2 n (3) divei: f(2)=-160+C, omote: -160+C, =-128 < C, =32.

Apa f(x)=-10x"+32 yia ke x >0.

o Av x<0, tote: f(x)=-10x"+C, (4)

MNa x =-2 éxoupe: f(-2)=-160+C, kat emedn f aptia

18



f(~2)=f(2) = ~160+C, =128 & C, =32
Apa f(x) =-10x"+32 yia kdBe x <0

* Av x=0, téte enedn  ouvexrig éxoupe: (0)=limf(x) = Iirrg(—le4 +32)=32

Apa f(x)=-10x"+32 ya kde xR
iv. Eivae: 1= f(x)dx = [ (~10x* +32)dx =
iv. Etvac =_|._2 (%) x=_[_2(— 0x" +32)dx =
=[-2x° +32x]%, =

=-22°+322-[-2(-2)° +32(-2)] =

= —64+64—(64-64)=0.
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Aoknon 7
Aivetat n ouvaptnon: f(x) = 3x? +_|'(;X tmu(x +t)dt, ye xeR (1).
i.  NaBpeite nv f'(X).

ii.  Na Bpeite tnv e€iowon g epantopévng g C, oto M(0,(0)) .

iii.  Na peAetnoete tnv T wg mPOg TNV KUpTOTNTA.

Auon

i. O¢toupe: X+t=u<dt=du.
e Tat=0 €xoupe: u=x
e Tat=-x éxoupe: u=0.

Omote n (1) ypdeetat:

2 0 2 X X
f(x)=3x +J' (U=x)nuudu < f(x) =3x —J'O unuudu + xjo nuudu (2)
Apa yla kabe X e R €xoupe:

f'(X) = 6X —Xnux + onnpudu + xXnux < f'(x) = 6x +joxnpudu 3)

ii. H(2) yua x=0 divet: (0)=0 Emiongn (3) yia x =0 Oivet:
f'(0)=0.
Apa n e&iowon tng epamntopévng tng C, oto M(0,f(0)) éxel e§iowon:

y—-f(0)=f'(0)(x-0) n y-0=0(x-0) n y=0.

iii. Na kaBe X e R €xoupe:
£(x) = (6x+ [ nuudu) =6-+npx >0, ago ~1<nux <1 yia kdBe x eR.

Apan f eivat kupti oto R
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OEMA T
Aoknon 1
Aivovtat ot cuvaptioelg f(x) =3xInx —3x kat g(x) = Ilf(t)dt :
i. Na Bpeite 10 medio oplopou NG g

ii.  Na peAetnoete TNV g wg mMPOoG Tn HovoTtovia Kal Ta akpotatd.

2
iii. Naamodeigete ot: g(Xx) Ss%—%.

iv.  Na peAetioete tn ouvdptnon K(x) =g(3x*) wg mpog ™ povotovia, av X >0

Auon
i. To medio oplopou tn¢ f givat:
D, =(0,4%) oto omoio eivat kat cuvexng. Emeidn 1 (0,+w0) Tto medio oplopou Tng g €ivat:

D, = (0, +) .

ii. H ouvdptnon f sivat cuvexig, dpa n cuvdptnon g ivat mapaywyiowun, Pe
g'(x) = (— fo(t)dt) — _£(x) = —3xInx +3X.

‘Exoupe: 9'(X) >0 < =3xInx +3x >0 < -3x(Inx-1) >0 <

Inx <1< x<e, apou X e (0,+0) .

Apa n g eivat yvnoiwg avgouca oto (0,e], opola g yvnoiwg gbivouca oto [e,+w) omdte n g
Tapoucladel 6To X =e OALKO HEYLOTO.

iii. ‘Exoupe:
g(x) <g(e) (1), apol n g mapouctalel 6T0 X =€ OAIKO HEYLOTO

, 1 1 1
aMAa g(e) = L (3xInx —3x)dx = 3-L xInxdx —3_[e Xdx =
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3e?2-9

Ao (1),(2) éxoupe: g(X) < n

iv. H ouvdptnon f eival cuvexng kat n cuvaptnon g £ival mapaywyiclyn omote Kat n
ouvaptnon K gival mapaywyioiyn pe mapaywyo

<00 =( [ 10at] =( [ 1001 | =-r@x@ey -

= —6xf (3x%) = —6x:[9%°In3x* —9x*] = -54x°(In3x* —1) .

Eivat: K'(x) =0 < —54x°(In3x* -1) =0 < In3x* -1=0, agol X € (0,+x),

e e
<:>In3x2:Ine<:>x2=§<:>x:\/;

Emiong:

K'(x) >0 < -54x3(In3x* -1) >0 < In3x* <1<

Inyv.adg. x>0 e | , ) €
IN3x* <lne < 3x’<e=0<x< \/; , Gpa K yvnoiwg av€ouca oto (O,\/;] .

‘Opoia K yvnoiwg pbivouca oto [\/§,+oo) i
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Aoknon 2

Aivetal n ouvexig ouvaptnon f:(0,40) - R ywa tnv omoia toxuvet:
x1

f(x)=x+1+ [ =f(t)dt (2).
1x

i. Na amodeiéete ot n f eival mapaywyiown ywa kabe x >0.
ii.  Na Bpeite Tov tumo tng f .

iii.  Na peAetnoete tnv f wg mpog TNV KuptdTNTA.

iv.  Na Bpeite tnv e€iowon g epamntopévng tng C, oto onpeio A(L f(1) kat va

amodeifete OTL:

2X+Inx <3x -1

Auon

i, Exoupe: F(X) = X+1+~ jle(t)dt (1)
X

H f eivat ouvexng oto (0,+0), omote n fo(t)dt elval mapaywyiown oto (0,+w) dpa kat

l'J.le(t)d'[ mapaywyion oto (0,+w). Emopévwg f mapaywyion oto (0,+w)
X

ii. H (1) ypagetat: xf(x)=x*+X+ jle (t)dt kat mapaywyifoviag EXoupe

f(X)+xf'(x) =2x+1+f(X) &
< xf'(x) =2x+1< f'(x) :2+1<:>f'(x) :(2x+lnx)'
X

Apa f(X)=2x+Inx+c (2)
H (1) yua x =1 divet: f(1)=2 evw n (2) yia x =1 diver: f(1)=2+c.

Emopévwg: 2+c=2<c=0. Apa f(X)=2x+Inx,x>0.

!

iii. Ma kade x > 0 €xoupe: f’(x):(2x+lnx)' :2+£>O Kal f"(x):(2+£j =
X X

Kabe x >0. Apan f eivat koiAn oto (0,+0).

—i2<0, yla
X
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iv. Elvat:
e f()=2+Inl=2
e f'(1)=2+1=3

Omote n e&iowon tng epantopévng Tng C, oto A givat: y—2=3(x-1) A y=3x—-1 kat emedn
n f(X) =2x+Inx koiAn (amd iii.) éxoupe: 2X +Inx <3x —1. H 1odtnta oxvel yia x =1.
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Aoknon 3
Ekpwvnon

, . . 2e
Aivetat n ouvaptnon f pe tumo f(x) =—+2Inx, x>0.
X

i.  Na peAetnoete tnv f wg mpog TN Yovotovia kat ta akpotatd.

X
. . (X . ,
ii.  Na amodeiete ot (—j >e"° yua kabe x >0.
e
X X
iii.  Av oxuel (—] > A ° yua kabe x >0 kat A >0 tote va amodeifete OTL L =¢€.
e

iv.  Na umoAoyioete To €uBadov tou xwpiou mou mepikAsietal amod tn C, kat Tig eubsieg pe

e€lomoelg X =1 kat X =e?.

Auon

i. Ma kdBe x > 0éxoupe: f'(X) = (EJr 2Inxj = —_226+E = 2(x2—e)
X x> X X

Eivau:

e f'(X)<0< x<e,dpa fyvnoiwg @bivousa oto (0,€].
e f'(X)>0< x>e,dpa fyvnoiwg avouca oto [e,+wo).

H f yia x = e mapouctdZet oAkd eAaxioto. AnAadh f(x)>f(e) pe i f(e)=2+2=4.

ii. @€Aoupe va dei§oupe Ot yla kdbe x >0. loxvet:

X X
X _ X _
—| 2e"f<=In|=| 2Ine"* <
e e

X
xIn—2x—e<:>x(Inx—Ine)2x—e<:>xlnx—x2x—e<:>
e

x>0 e
XInx—=2x+e>0=Inx-2+—>0<
X

e . . , , , .
2Inx+—>4 < f(X) >4 mou woxuel and i). (H ouvaptnon ln givat yvnoiwg avouca)
X
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iii. MNa kabs x >0 oxvet:

X

(—j >V o In(ij > InA*"° < x(Inx —Ine) > (x —e)InA <
e e

< XInx =x =xInA+elnk >0 (1)

‘Eotw n ouvdaptnon g(X) = xInx —x —xInA +elni,x >0 kat A >0, tote:
g'(X)=Inx+1-1-Ink =Inx —InA

Ao (1) éxoupe: g(X) >0, ywa kdbs x >0. AAAG g(e) =0. Apa g(x)>g(e) yua kabe x>0.

H g eivalt mapaywyiolyn Kat 6to X =e £0wTEPIKO onpeio tou mediou OpIoHOU TNG TTAPOUGCLALEL
akpotTato omote amd 1o Bswpnpa Fermat £Xoupe:

g(e)=0<=Ine-InNL=0<=Ar=e.

iv. Eivat f(x) =22+ 2Inx,x > 0
X
Mapatnpoupe ott:

1<x<e’ < Inx >0 kat §>0, ondte: f(x) >0 oto [0,€°], dpa
X
E:jez E+2Inx x:2e[lnx]e2+zjezlnxdx:
1 X 1 1

=2-elne’ + ZLGZ (x)'Inxdx =4e + 2[x|nx]i2 —Lez x.ldx -
X

=4e+2e°Ine’ —(e° —1) =4de+4e’ —e* +1=3e" +4e+1.
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Aoknon 4

Aivetat o pyadikog apiBpdg z =1+ 2xi, x e R, kat n suvdptnon pe tno f(x) =|z|-1m(z)
oplopévn oto R.

i.  Na Bpeite TOV YEWHETPIKO TOTO TWV EIKOVWY TOU Z OTO PLyddlko emimedo.
ii.  Na Bpeite TIg ACUUTITWTEG TNG YPAYPIKAG Tapdotaong tng f.

iii.  Na amodeigete ot f'(x)|z|+2f(x) =0.

Auon

i. Eotw z=a+Pi,o,peR, tote =1 kat f=2X,XeR.
Apa 0 YEWHETPIKOC TOTTOG TWV EIKOVWY TOU Z oTo Hiyadiko emimedo gival n eubsia X =1.

ii. Eivaw: |z]=v1+4x* kat Im(z) = 2x . Apa f(x) =v1+4x* —2x . H f eivat ouvexrig oto R
apa 0ev XL KATAKOPUPN ACUPTITWTN.

+o0—(+0) 2 2
Emionc: lim £(x) = lim (V1+4x? —2x) = lim 28X =4 _

x>0 J1+ 4x2 42X -

lim——1  —0 , a@oU lim (v1+4x* +2X) = +o0.

x>t 14+ 4x% + 2X

Apa y =0 opifovtia acupmtwtn tng C, oto +oo.

—x[,/12+4+2J
) X
lim

X—>—00 X

lim m: lim

X—>-0 ¥ X—>—0

=-4 kat

V1+4x% —2x _
X

lim [f(x) - (-4x)] = XILrpw(\/1+ 4x7 —2x+4x)=

(+00)+(—0) 2 2
lim (VI dx2 +2x) = lim S 24X

X x>0 J1+4X% - 2X

lim ! =0.

7 —x[‘/12+4+2j
X

Apa y =—-4x mAdyw acupmtwtn tng C, oto —oo.
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ii. Etvau: f’(x):( 1+4x? —2x) X

f'(x)|z|+ 2f (x) :(

4x

V1+4x?

' 8x )
— 2 OTIOTE:

4x
- o -
241+ 4x? V1+4x?
—Zj\/l+ 4x? +24/1+4x* —4x =0.
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Aoknon 5
Aivetat n ouvaptnon f:(0,+0) > R pe f(Xx)=Inx-1.

i.  Na umoMoyioete to epBaddv E(A) tou xwpiou mou mepikAeietat amod tn C, tou afova
X'X Kat TG eubeieg x =e kKat X =A>0.

ii. NaBpeite to limE(ML).
r—0"

iii.  Na Bpeite v e€icwon tng epantopévng g C, oto onpeio g M(e*,f(e?)).

iv.  Na Bpeite to epBadov tou xwpiou mou opiletal amod Ty TAPATIAVW EQATITOUEVN, TNV
C; kat Tov agova xx'.

Auon
i. Alakpivoupe OUO TTEPLUTTWOELG:

e Av A>e tote: E()) :J':f(x)dx :Lk(lnx—l)dx =J.:(x)’lnxdx—(k—e) -
:[xlnx]z—J.:x%dx—?we=klnk—e—(k—e)—k+e:

=AnL—e—-A+e—A+e=AINk—21L+e (ApoU e<X <A 10 InX>1)

e AvO<Ai<e, 10TE
E(\) = L (~f (x))dx = j:(l— Inx )dx = (e — ) - L (x)'Inxdx =
=e—A—[xInx] + j:x(lnx)’dx =

=e—-A—e+AlnA+(e—A)=AlInA—-2A +e.

ii.’Exoupe: lim E(A) = lim(AnA—2x +¢e) = lim AlnA—0+e = lim In—7”+e:
r—0" A—0" A—0" r—0"

A

1
im UM e im Ll +e=lim(-0)+e=e.
e

r—0" 1 ! r—0" r—0"
(kj
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iii. H e€iowon tng epamtopévng tng C, oto onueio M(e?,f(e?)) eivat: y—f(e*) =f'(e’)(x—e%)

AMG f(e%) =Ine* —1=1 kat f’(ez):iz. Ag@ou f’(x)zl
e X

Apa n e€iowon sivat: y—lziz(x—ez) A y:izx_
e e

, , " 1 , , , . .
iv. MNa kaBe x >0 éxoupe: f(X) =——-<0, apa f koiAn, omdte n ypa@kn mapdctaon tng
X

€QANTopEvng oto M Bpioketal mavw amo Tn ypagikn mapdotaon g f .

Emopévwg:

E= I:Z eizxdx —J.:z (Inx —1)dx =

1{#}“

=—2—

e’| 2 0
2 2 2

e S | e

=——[x|nx]e +J' X—dx+e’—e=——e’lne’ +elne+e’ —e+e’—e=
2 € e X 2

- Lez Inxdx + (e2 - e) = eiz-%— Lez (x)'Inxdx +e° —e =

=§_2ﬁ/+é+p’—é+ﬁf—e=(é—e) T.H.
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Aoknon 6
Aivetat n ouvaptnon f:(0,+0) - R yia thv omoia oxvet: f(x) = —BLX(LU 3m)dt)du +3x-3.

i. Na amodeigete ot n f eival mapaywyiowun.

ii.  Na amodeifete 6t n f eival KoiAn.
’ ’ I3 1 ' 2 3 f(X) I
iii. Na amodeifete 0t n ouvdaptnon g pe g(x) ZE(f (x)) +E3 givat otabepn.
n
iv.  Na Bpeite tnv e§iowon g epamntopévng tng C, oto M(2,f(2)).
Auon

i. ‘Eotw: ¢(t)=3"" kat h(u) = J': 3' Mgt

H ¢ eival ouvexng, dpa n h eivat mapaywyioctyn omote Kat cuvexng omote g(X) = J-OX h(u)du

mapaywyiown. Emopévwg f mapaywyiotun.

ii.a ke X € (0,+%0) éxoupie: £'(x)=-3[ 3'Vdt+3. apot f(x)=-3[ h(u)dt+3x -3 dpa

yua kabe x >0 f'(x)=-3h(x)+3= —3LX 3'Odt+3 ométe F'(x)=-33"™ <0
yla kabe x > 0. Apa f KoiAn.

iii. MNa kaBe x >0 éxoupe: g'(X) zl-Z-f’(x)-f "(X) +i-3f(x)-Jﬂé-f’(x) =
2 I3
=0 F"(x)+33' [ =0 agov f"(x)=-33"".

iv. Eivat:: f'(2) =3 kat f(2) =3.

Apa n gpantopévn oto M éxel e€iowon y—3=3(x-2) n y=3x-3
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Aoknon 7
Aivetat n cuvaptnon f(x) =e* +x* +x-2.

i.  Na peAetnoete tnv f wg mpog tn povotovia.

ii.  Na amodeifete o1l n f avtiotpepetal.

iii. Na Bpeite To medio oplopol tng .

iv.  Na umoAoyioete T0 oAoKApwpa: | = flf‘l(x)dx

Auon

i. H f éxet medio oplopol to R, gival ouvexrg kat mapaywyiown pe f'(X) =e* +3x*+1>0
yla kabe x e R. Apan f eivat yvnoiwg avgouoa oto R .

ii. Ao i) éxoupe ot f yvnolwg avgouca oto R, dpa ivatl 1-1 omote AvIIoTPEPETAL.
iii. H f eivat yvnoiwg at€ouca oto R, apa to cuvoAo TIHwY TG €ivat:
f(R)=(lim f(x), lim f(x)) .
X—>—00 X—>+0

Eiva: lim f(x)= lim (@ +x*+x-2)=0-0—0—2=—x

X—>—0 X—>—©
kat lim f(x) = lim (e* +x* +x —2) = +.

X—>+00 X—>+0

Apa f(R) = (o0, +0) . Emopévwg to medio opiopou g f* eiva: D, = f(R) = (—o0, +00) .

f

iv. Elvae = flf‘l(x)dx . ©¢toupe x =f(y), omdre eivar: dx =f'(y)dy. Emiong: f(0) =-1 kat

f(1) =e. Apa ta véa akpa oAokAnpwong eivat 0 kat 1.

Emopévwg:

=" £ 000x = [ FAEF Oy = [y (y)dy =[yf )T [ (v) F(y)dly =

4 2

1 1
:1-f(1)—0—j0f(y)dy=f(1)—f0(ey+y3+y—2)dy=e—[ey+y7+y7—2y]g =

11 11 11 .9
e—[e+=+=-2-("+0+0-0)]=f —f———=4+2+1l=—-"——43=".
fo+5+5-2~( N=F-£-3- 1737373
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OEMA A

Aoknon 1

Aivovtat ot cuvexeic ouvaptrioelg f:R —» R pe f(X) =3¢ -3 kat g:R — R yia g omoieg
LOXUEL:

f(x) > 3J'02 Xg(2x +t)dt ywa kabe xeR.
Na amodeiete otL:
i [“g(t)dt=2
. edt=2.
ii.  Ymdpxel €va touldxiotov X, € (0,2), Tétolo wote IOXO g(t)dt=1.
iii.  Houvaptnon F(x)= xjoxg(t)dt—x givat mapaywyiown pe F'(x) = joxg(t)dt+xg(x) ~1.

iv.  He&iowon xg(x)—-1+ joxg(t)dt =0 é€xet pia TouAaxiotov Auon oto (0,X,) .

Auon
i. Eotw h(x)= _[: Xg(2x +t)dt . Ostoupe u =2x +t €tot du=dt. Av t=0, tote: U =2X.
Av t=2, tote:

u=2x+2.Apa h(x)= x-.[zzfzg(u)du

, , 2Xx+2 2% 2X+2
Omote exoupe: f(X) > 3xJ'2X g(u)du < 3e —3—3x_|'2X g(u)du>0.
OewpoupE Tt cuvaptnon:
2% 2x+2 ,
K(x)=3e —3—3le2X g(u)du , tote:

K(x)>K(0) ywa kdbs xeR.
H K kavotolei tig umoBéoelg tou Bswpnuatog Fermat dnAadn eival mapaywyiotyn Kat €xel

akpodtato oto X, =0 dpa K'(0)=0 (1). Opwg

K'(x) = 66 —S'fzzxmg(u)du —3X(Jjx g(u)du + J'jmg(u)du), =
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6e” — 3Jj:+2g(u)du —3x(-29(2x) +29(2x +2)) (2)

Omodte amo (1),(2) éxoupe: 6—3J'OZg(u)du =0< '[Ozg(u)du =2

AnAadn to {ntoupevo.

ii. @wpoupe ™ ouvdptnon: @(X) = IOX g(t)dt—1.

H ouvdptnon g eival ouvexig dpa n ong(t)dt glvat mapaywyiolyn omoTe Kal GUVEXAG.

Emopévwg n ocuvaptnon ¢ eival ouvexng oto [0,2].
, 2
Eniong: ¢(0)¢(2) = (—1)-[ [Fatyde —1] — (~1)(2-1) =-1<0.
Apa amé 1o Bswpnpa Bolzano undpxel éva touAdxiotov X, € (0,2), T€tolo wote:

0(X,) =0 jox" g(t)dt—1=0 @jo“ g(t)dt =1.

iii. Elvau:

e g OUVEXNG apa ong(t)dt Tapaywyiolun wg apxikn g g.
Apa F napaywyiown pe F'(X) = (x joxg(t)dt—x) = [“g(t)dt+ xg(0) 1.

iv. Eivau:
e COUVEXNG WG Tapaywyiotun oto R, dpa kat oto [0, X,] .
e F mapaywyiowpn oto (0,Xx,) (amd iii) pe F'(x) = ong(t)dt+xg(x)—1.
e F(0)=F(x,), apou:
F(0)=0
F(X,) = XOJ.OXO g(t)dt—x, =0

Apa amé 1o Bswpnpa tou Rolle umapxet £va touldxiotov & € (0,X,) < (0,2) tétolo
WOTE:

F(£) =0 [ g(tdt+£g() -1=0.
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Aoknon 2
. , . e
Aivetat n ouvaptnon f pe tomo f(X)=—+Inx+1, x>0.
X

i.  Na peAetnoete tnv f wg mpog tn povotovia kat ta akpotata tng f.
ii.  Na Bpeite TI¢ ACUPTTWTEC TNG YPAPIKAG Tapdotaong tng f .

iii.  Na amodeifete ot undpxet éva Touhdxiotov & e (1,4), tétowo wote f(&) =3,

iv.  Na umoAoyioete T0 €uBadov tou xwpiou mou mepikAsietal amod tn C,, tov afova X'

Kal TIG euBsiec X =1 kat X =e?.

Auon

. , , , , e " e 1 x-e

i. Hf eivai mapaywyiown ya k@e x>0 pe f'(X)=| =+Inx+1| =—+—=—
X X° X X

kat emedn f'(x) >0 x>e kat f'(X) <0< x<e

n f eival yvnoiwg au€ouca oto [e,+) kat yvnoiwg @bivouca oto (0,e] kat yia x =¢e

. . e
mapouctalel akpotato to f(e)=—+Ine+1=3.
e

. Eivau:
e+xInx+x
I|m f(x)= I|m(—+lnx+1) = lim (—j:-‘roo
x—0" X
Inx ; Inx
apou lim (xInx) = lim — ( ) =lim(-x)=0.
x—0" x—0" E x—>0 1 ! x—0"
Apa x =0 katakopupn acupmtwtn g C,.
. . e Inx 1 . Inx
Emiong toxvet: lim f )—I ( 5 +—):0+ lim—+0=0
X—>+00 X X—>+00 X X X X—>+00 X
40 '
.o Inxe o (Inx
apou lim — = lim ( ) = lim —0 kat lim f(x)=lim | —+Inx+1|=
X—+0 X X—>+00 (X) X—>+0 X X—>+00 X—>400 X

agou lim Inx = +o0 .

X—>+0

Apan C; Ogv ExEl ACUPTITWTEG OTO +00 .
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iii. Eotw g(x) =f(x)—3*" n omoia sival cuvexig wg Blapopd GUVEXKV GUVAPTACEWY 61O [1,4]
Kat ywa tyv omoia toxuvet: g(1)-g(4) <0 agou

e g)=f@®)-3F=e+Inl+1-1=e>0
e g(4) :f(4)—33 :%+In4+1—33 <0.

Apa amo to Bswpnpua Bolzano umdpxel éva toulaxiotov & € (1, 4) tétolo wote

9(6) =0 f(5)=3"".

iv. Eivat
1<x<e? < Inx>0 ks> 0. Apa f(x):3+lnx+1>0
X X

yla k@be x €[1,e%]. Emopévwg xoupe:
B el e B eZE 2 (a2 1\ _
E _L (;+Inx+1jdx _L de+Il Inxdx +1(e” -1) =
=e[Inx] + [ (x)"Inxdx +e? ~1=
=e-(Ine* —Inl) +[x|nx]ez —J.e2 x-ldx +e’-1=
1 1 X

=2e+e’lne® —1:(e* —1) +e* —1=2e+2¢e° T.u
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Aoknon 3

Aivetal n ouvaptnon f pe tumo f(x) = 2Iﬂ+kx +3,X>0 kat LeR.
X

i.  Avnepantopévn tng C, oto A(Lf(1)) eivat mapdAAnAn mpog tnv eubeia (&) pe
e€lowon €:y =3X va umoAoyioeTe T0 A .
ii.  Na peAetnoete v f wg mpog TN Yovotovia Kat Ta akpdtatd.

iii.  Na Bpeite tnv mAdywa acupmtwtn tng C, oto +oo.

iv.  Na umoAoyioete T0 uBadov tou xwpiou mou mepikAsieTal amod tn C;, TNV acuumtwtn
g C, 010 +oo Kal TIG eubeieg pe eflowoelg: X =1 kat X =e.

Auon

i. Ma kabe x >0 €xoupe:

f(x) = (Z'nx FAXH 3) —2("”‘) oz M) Xty

X x?

1—Inx 2-— 2Inx
=2 v < f'(x)= +A.

O ouvteAeotng tng epamtopévng tng C, oto A(L (1)) eivau

') = %-f-}\, 2+ A kat emeldn eivat mapaAAnAn mpog tnv ubeia € oxUEL:

2— 2Inx 1

2+A=3<A=1. Apa f(x)—ﬂ+x+3x>0 kat f'(x) =
X

2
ii. Ma kdde x > 0eivat: f'(x) = 2 22Inx +1= 2 2Inz(+x
X X

Eotw g(X) =x*-2Inx+2,x>0.

Eivau: g'(x) =2x —3=2X 2
X X

x>0

g'(x)=0=x=1.



2 x>0 x>0

0(x)>05 X 25 05x 150 o [x> 1o x >1.

Apa g yvnoiwg aufouca oto[l, +0)
‘Opota g yvnoiwg @divouca oto (0,1]. AnAadn n g mapouctdlet oAlkd eAAxioto.

Emopévwg: g(X) >9(1) < g(x)>3>0, dapa f'(x) >0 ywa kadbe x >0, omote n f dev €xel
akpotata Kat givat yvnoiwg avgouoa.

iii. Elvau:

gLn§+x+3
f(x) X

e lim——~=Ilm——2—=

X—>+00 X X—>+0 X

lim (zm—x+1+ 3) 20+1+0=1,
X—>+0 X X

I [EJ Inx)’ -
agod tim 22 = tim 20 im 2~ im0,
(Xz) X X

o lim[f(x)-x]= lim (Zm—X+X+3—X)=

X—>+00 X—>+%0 X

I 14
lim (2'”—)‘+3j=2 fim (%), 5_
X—>+00 X X—>+0 (X)’

.1 . , ,
=2 lim =+3=3. Apa n acupmtwtn Tng f oto +ooeival n eubeia y=x+3.

X—>+0 X

iv. E= “f(x) X —3dx = ”Zln_er +Z—)(/—,Z’}dx:

InxoI _ZJ- Inx _

J.2

- [fnzx]j =/n%e—/(n*1=1.

., Inx ,
*(1<x<e<Inx >0 apa — BeTIKOG)
X
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Aoknon 4
, . 2 .
Aivovtat ot ouvaptioelg f,g pe f(X) =—-2+— kat g(x) =3Inx, émou X € (0,+o) .
X

i.  Na Bpeite To mpoonpo tng cuvaptnong h pe h(x) =f(x)-g(x).

ii.  Na umoAoyioete to euBadov Tou xwplou TTOU TEPIKAEIETAL ATIO TIG YPAPLKEG
mapaotdoelg Twy ouvaptnoswy f kat g kat tig eubeieg pe e§lowoelg: X =1 kat X =2,

omou A >0.
iii.  Na Bpeite to 6plo Jim E(A) .
iv.  Na Bpeite o 6po limE()L).
r—0"
Auon

i. Elvac

h(x) =f(x)—-g(x) :—2+£—3Inx :E—BInx—Z yla Kabe x >0.
X X

Apa h'(x) = —_f_ﬁ <0, omote h eivat yvnoiwg @bivouoa oto (0,+). Akopa h(l) =0.
X© X

Emopévwg:
MNa kabe x >1 eivar h(x) <h(@) < h(x) <0 kat yua kabe 0< x <1 eivat
h(x)>h(1) < h(x)>0.

ii. Na va mpoodlopicoupe To {nToupevo euBadov mpEmel va yvwpifoupe av A >1 1 A <1.
AlaKpiVOUE TIG TTEPITTWOELG:

e Av A >1 tote:

E() = [[1£09-g0) [dx = [ Ih(o | dx <

E(L) = —Ihh(x)dx = —Ik(g—mnx—zjdx =
1 1\ X

=—2[Inx]; +3[ " (x)Inxdx + 20 1) =

= —2(In%. — In1) + 3[xInx]’ —3jfx1dx L oN-2=
X

=-2InA +3AINA —3(A—1) + 2L -2 =-2InA + 3AINL —3A + 3+ 20— 2 =
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= (3L -2)InL A +1.

e Av O0<A<1 tote:
E() = Ih(x)]dx = [ h(x)dx = [ h(x)dx,

E(A) =(3h—2)Inh+1-2 .

e Av A =1 tote mpowavwg E(L) =0. Emopévwg E(L) = (3L —2)InL +1-A.

iii. Elvau:
Jim E(A) = Jim [BL=2)InA+1-A]= Jim (BAInA =2InL —A+1) =

= lim [.(3In 2'”%—1 +2)] = (+90)(+00— 2:0—1+0) = +o0 .

A—>+o0

A@oU lim InA = +o0 kat lim — In% = lim ——— (Ind.y = lim 1 =0.
A—>+0 Aot ) A—>+0 (}\‘) 7»~>+oo7\’

iv. Eivat: lim E(X)_Ilm[3k 2)In% +1-1]=[(0-2)-(~0) +1-0] =+

A—0"
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Aoknon 5

Aivetat n ouvaptnon f:R™— R, n omoia sivat cuvexig kat yvnoiwg avfouca os kabéva amod

ta dwaothpata (—o,0) kat (0,+w). Av F(x) = _fo(t)dt+_|.220107xf(t)dt , TOTE:
i.  Na Bpeite 1o medio oplopou TG ouvaptnong g He g(x) = jzxf(t)dt .
ii.  Na Bpeite to medio opiopou tng F(X) = szf (t)dt + Eomixf(t)dt.
iii.  Na peAetnoete tnv F wg mpog tn povotovia.
iv.  Na amodeiete ott F(x) > ZEOOSf(t)dt yla kdbe x € (0,2010).

Auon

i. H ouvaptnon f eivat ouvexig oto medio opiopou tng D, = (—o,0) U (0,+) kat o apiBuog 2
avikel oto dwaotnpa (0,+0).

Apa n ouvdptnon g €xel medio oplopoU To D, = (0,+x) .

ii. Eivat: F(x)=g(x)+g(2010-x)
H ouvdptnon h(x)=g(2010—x) opiletal o€ ekeiva ta X yia ta omoia loxUel

2010-x>0<x<2010. Apa D, =(-=,2010).

Emopévwg to medio oplopou g F amoteAeitat amd ekeiva ta X yia ta omoia toxvel X € D
kKat X € D, énAadn x >0 kat x < 2010.

Apa D, = (0,2010).

iii. Ma kade x €(0,2010) éxoupe:
X 2010-x '

F(x) = ( [ tdt+ [ f(t)dt) _

- ( fo(t)dt), +( J‘jomxf(t)dt)’ -

= f(x)+(2010—x)(2010— x)' = (x) — F (2010 - X) .
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Omote: F'(x)=0< f(x)=f(2010-x) < x=2010—-x < x =1005 agou f yvnoiwg av§ouca
apa kat 1-1.

Emiong:

F(x) <0< f(x)-f(2010-X) <0 <

f(x) <f(2010-x) < x <2010-Xx < 0<x <1005, agou f yvnoiwg avgouca.
F(x) >0 f(x)-f(2010-x) >0

f(x)>f(2010-x) < x > 2010-x < x € (1005,2010) .

Apa F yvnoiwg @bivouca oto (0,1005] kat F yvnoiwg avgouca oto [1005,2010]

iv. HF oto x =1005, mapouctdlet oAikd eAdxioto dpa yia kabe X e (0,2010) oxuet:

F(x) > F1005) & FO) 2 [ f(tdt+ [ f(t)dt e F(x) =2 f(t)at
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Aoknon 6

Aivetat n ouvaptnon f pe f(x)=3In(xe" ) +2,x>0.
i.  Na peAetnoete tnv f wg mpog TN Yovotovia kal ta akpotatd.
ii.  Na Bpeite 10 cUvoAo TpwV tng f .

iii.  Na Bpeite To mMARBog Twv AUcewv tng e€iowong 3f (x)+2011=0.

iv.  Na umoAoyioete T0 €uBadov tou xwpiou mou mepikAsietal amod tn C,, tov afova X'x
Kat Tig ubeieg X =1 kat X =2.

Auon

i. Na kabe x € (0,+x) eivat:

f'(x)=(3Inxe"™ +2)'=3 = (xe™) =
3 1-x 1-X \ 7 1-x 1-x '

=———(€7+x(e7"))=—F7 (" +xe " (1-x)) =

X-e X-e
— 317)( .el_x (1_ X) — M

X-€e
‘EXOUpE:

3(1-x)

e f'X)>0<

>0« x<1 agou x>0. Apa n f eivat yvnoiwg avouca oto (0,1]

e f'X)<0& <0< x>1

3(1-x)
X

Apa n f gival yvnoiwg pbivouca yla kabe x >1.
Apa n f yia x =1 mapoucialel akpotato pe T f(1) =3Inl+2 =2 mou ivat n péylotn

ii. To olvoAo Ty Ba eivat: F((0,+<0)) = (lim f(x), FQ]U (lim f(x),f Q)]
x—0" X—>+00
e limf(x)=lim[3In(x-e"*)+2]=3lim In(x-e"*) +2 = -0 apou
x—0* x—0" x—0"
lim(xe™)=0
x—0"

e lim f(x) = lim[3In(x-e"*) + 2] = —0 agou
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+o0

lim (xe) = fim =< = tim ~%)_ _ jim L

X—>400 X—>+30 ex—l X—>+0 (ex’l)' X—+0 @

=0.

x-1

e f()=2
Apa £((0,+0)) = (-0, 2].
iii. Eivau: 3f(x)+2011:0<:>f(x):$

‘Eotw g(x) =f(x)+ 2011

tote g'(X) =f'(X), omote n g €xel 10 110 €id0g povotoviag pe v f

9((0,1]) = (~o0,2+ 2211

auTo.

] kau emedn n g €ival yvnoiwg avouca oto (0,1] éxet yovadikn pila oe
) 2011 , .
Apa kat n f(x) +T =0 €xel povadikn pila oto (0,1].

g([L, +0)) = (-, 2+ 2011

] kat emedn n g eivatl yvnoiwg @Oivouoa oto [1,+00) €xel povadiki

pila.
) 2011 , .
Apa kat n f(x) +T =0 éxet povadikn pifa oto [1,+0) .

Apa n e€iowon 3f(x)+2011=0 éxel Vo AUoeLg, pia oto (0,1] kat pia oto [1,+x) .

MAPATHPHZH: To iii) pmopei va AuBei Kat pe to Bewpnpa eVOLAPECWY TIHWVY.

iv. Elvat:

e f())=2
e f(2)=3In (gj +2=3In2-3Ine+2=3In2-1>0 kat emedn f yvnoiwg @bBivouca
e

f([L 2]) =[3In2+1,2] dnAadh f(x) >0 oo [1,2].

Emiong f(x) = 3Inx +3Ine*™ +2 =3Inx +3(1- x) + 2 =3Inx +5-3x .

. 2 _of? 2 ey 3 212 _
Apa E _jl f(x)dx _3jl Inxdx+J.1 (5—3x)dx _3j1 () Inxdx + [5x =X =
= 3[xInx]? —3J.2X-(|I‘IX)'dX +10—§-4—5+E =
! 2 2
2 3 3
:3-(2In2—0)—3jl1dx+10—6—5+§:6In2—3(2—1)+§—1:

5
=6In2——= t.p.
> H
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Aoknon 7

Aivetat n ouvaptnon f:(0,+0) > R, pe f(x) =2x* +3Inx + 2.
i.  Na peAetnoete tnv f wg mpog Tn Yovotovia kat ta akpotatd.
ii.  Na Bpeite To cUvoAo Tipwv g T .

iii. Na amodeifete 6t n efiowon: A* :glnz—l €xel govadikn Auon ya kabe A >0.
iv.  Na amodei€ete 61l n ouvdaptnon f avtiotpépetal kat va umoAoyicete To OAOKANpwa:
4e
| = jo f1(t)dt.
Auon
. , , , 3 3 , , . .
i. Ma kabe x >0 éxoupe: f'(X)=8x"+—>0. Apan f eival yvnoiwg av€ouca oto (0,+wx) ,
X
omote Ogv £XEL akpoTaATA.
ii. Elvau:
e limf(x)=Ilim(2x*+3INx+2)=0-c0+2=—o.
x—0" x—0"
o limf(x)=lim(2x* +3INX+2) =+0+0+2=+0m.
X—>+0 X—>+0

Emiong n f eivat yvnoiwg avgouca oto (0,+x), amo i), dpa To cUVOAO TIHWY TNG Eivat:
f((0, +o0)) = (—o00, +0) .
iii. Na kae A >0 €xoupe:

At :gln%—lc 20 =3(Inl-InA) -2 < 20* =-3InA -2 <

20 +3In+2=0<f(L) =0.
Apkeil va amodei€oupe otTL uTdpxet povadiko A >0, tétowo wote f(L)=0.

AuTO toxUEL agou 1o cuvoAo Tipwy tng T eivat to R

(AMO OEQPHMA ENAIAMEZQON TIMQON) kau n f givat yvnoiwg atgouca oto (0, +0).
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iv.H ouvdptnon f emedn eivat yvnoiwg av€ouca sival kat 1-1 dpa aviloTpEeTat.
O¢toupe t=F(x) < dt=Ff'(x)dx. Na t=0 eivar 0=F(X) & x=A7r.

f1-1
Ma t=4 civat 4=f(x) o fQ) =f(X) = x=1.

Emopévwg:

J-O4f_1(t)dt _ I;f—l(f (X))f’(X)dX = I;Xf’(X)dX = J.;X-(Bxs +§jdx =

X

5 1
[ Bx* +3)dx =| 87—+ 3x :§+3—(§x5+3xj=—§x5—3x+§.
3 5 |5 5 5 5

Huepounvia tpononoinong:15/11/2011
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